Problem Set 6 Solution

April 14, 2008

8.1 Equation 8.10:

Set D=0and v=wuexp(} i, Bégi), thus u = v exp(— >, ngi)
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8.2 Equation 8.11:
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Set D =0 and u=v exp(— Y i, Bé& - —B’éfn). Let p=>1", % - —B"f"), then p/ = %

using chain rule, equation 8.11 becomes:
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Thus,
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Puy = (e)? = (e)? = 0;

Puy = (—e )2 — (e ¥)2 =0

Thus, u; and ug are solutions to Pu = 0.
u(z,y) = e +e?,

gz =e”, Z—Z = —e Y.

Pu= (e —e )2 — (e + e Y)? = —4e® Y # 0. Thus, u(z,y) = € + e ¥ is not a solution.

9.2 (a) Is u = cju; + couy a solution of Pu = clf1+ 227
P(ciur + coug) = P(ciur) + P(cauz) = c1Puy + c2Pug = c1f1 + cafa.
Thus, u = ciu; + couz a solution.
(b) Pu(:v )\) = f(=, )\)
Is u(z) = [; g(M)u(z, N)dX a solution of Pu(x) = f(x), where f(z) = [, g(A)f(x, \)dA?
Pu(x Pflg u(z, )\d/\:fIg flz,N)dX = f(z)
Thus7 u(z) = [; g(A)u(x, N)dX is a solution.

1.3 [ uViwdv = fS Lds — [o(Vu)(Vu)dv

set w = u:
9 du
uViudv = | u—dd — [ (Vu)Vu)dv
Q s dn Q

So, [(Vu)(Vu)dv = 0.Thus,Vu = (%, ?TZ’ du) =0, and & = ‘i—; =du —q.

So u has to be constant in Q because the partial derivatives are all 0.

5.2 (a) Define the smooth surface S C R? by S = {(x,0) : z € R}. Then we have the cauchy problem,
Diu+ Dju=0= f((z,y))

u=0=¢o((z,y)) on S
& = (Dyu, Dyu)(O, 1) = Dyu = Lsin(nz) = ¢1((z,y)) on S.
Recall from page 142 that the PDE has no characteristic curves, since Lplace’s equation is el-

liptic. Thus, since the coefficients of PDE and the functions fi¢g and ¢ are all analytic at
any point of S, the general Cauchy-Kovalevsky Theorem on pages 132-133 guarantees that the



Cauchy problem has a unique solution in the class of anlytic functions.

We now verify that u(z,y) = - sinh(ny) sin(nz), is a solution to the Cauchy problem and the
therefore the unique solution:

32712‘ + % = & (n?sinh(ny) sin(nz) — n?sinh(ny) sin(nz)) = 0
uls = u(z,0) = n—lgsinh(n()) sin(nz) =0
— du

du| = du(y 0) = Leosh(n0) sin(nz) = Lsin(na)

Hence u(z,y) is indeed the unique solution to the Cauchy problem.

sinh(x) is a rapidly growing function as s — oo, and sin(x) is alwaya between -1 and 1. So for
the inital data, |Uy(z,0)| = | sin(nz)| is arbitrarily small when n is large because 1/n becomes
small while | sin(nx)| stays between -1 and 1.

On the other hand, the solution takes arbitrarily large values because eventhough 1/n? becomes
small, sinh(ny) becomes large very fast (even when |y| is relatively small).

L4 4+ B — 0, uy(2,0) = f(2), Upy(x,0) = g(x)

2 2 .
II. dd;f + dd;‘; =0, ua(z,0) = f(x), u@)y,(z,0) = g(r) + L sin(nx)
Subtract I from II:

2 2 2 2 d2 (uo— d2 —
(1) (5 + ) — (G + ) = Sl Sl = 0

(2) uz(x,0) —w(z,0) = f(z) — fz) =0

(3) Uy (2,0) — ugyy(x,0) = g(x) + + sin(nz) — g(z) = Lsin(nx)

So, ua(x,y) — w1 (x,y) = 5 sinh(ny)sin(nz).

Consider two instances of the Cauchy problems for laplace’s equation:

d? d?
T @ =0

u(z,0) = f(z)
uy(z,0) = g()

T+ =0
u(z,0) = f(x)

uy(x,0) = g(z) + 5 sin(nz) = gn(z)

with solutions wu(z,y) and u,(z,y) respectively, (for any value of n > 0). By analyzing the
differences in the initial data g and ¢,, and in the solutions v and u,, for the above problems, we
wish to show that the solution to the Cauchy problem for Laplace’s equation does not depend
continuously on the intial data. Thus, we wish to prove the negation of the statement.

Ve > 0, 30 > 0, s.t., Yn : maz(py)eslg — gn| < S = max(gy)epe [u — un| <€, where S is
the inital curve {(x,0) : x} C R2.

Consequently, we need to show that, Je > 0, s.t. V6 > 0, 3n, s.t. : max yesl|g — gn| < 6
and max, ,)eg [U — un| > €.

Using the results from part (c), this statement is equivalent to the statement Je > 0, s.t.
V6 >0, 3n, s.t. : max(, es |+ sin(nz| < § and max(, e p2 |23 sinh(ny) sin(nz)| > e.



To proceed, choose any € > 0. Take any § > 0. now recall that we have shown that %sin(nw)
takes everywhere arbitrarily small values as n — oo and that there exists a point (z,y) € R?
such that #sinh(ny) sin(nx) takes arbitrarily large values as n — oo. Hence, we can find n
sufficiently large such that,

1

max |—sin(nz)| < 0

(zy)es N
and .

max |— sinh(ny)sin(nx)| > €
|- sinb(ng)sin(nz)| >

This proves the desired claim. We have shown that a small perturbation in the initial data
can lead to a large pertubation in the solution to the Cauchy problem; the Cauchy problem for
Laplace’s equation in R? therefore does not depend continuously on the initial data.



