PS5 Problem 1

Problem 1

(a) f(x) =logx, xg =1
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(c) f(z) = cos(x), mo = §
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f(@) =20 0 % = neo ! (471)!( 2

f(x) = cosz, f(xg) = cosh = g

f(@) = —sinz, f'(wg) = —sinT = —%2
f(x) = —cosz, f"(xg) = —cosT = — L2

fO)(z) = sinz, f® (o) = sink = g
f(4) (z) = cosz, fW(z) = cos = %

2 ;3 s m)4
thus cosz = g(l —(z—-7F)— (1721) + & 64)3 + 4 24;‘) ..), TER

(d) f(z) = sin2z, 29 =0, f(zg) =0
f'(x) = 2cos2x, f'(x0) =2
f"(x) = —4sin2z, f"(x9) =0

8N (x) = —8cos2z, fO)(29) = —8
f@(x) = 16sin2z, f@(x9) =0
O (x) = 32cos2x, f®)(xg) = 32
) (x) = —64sin2z, f(6 (x0) =0
N (z) = —128cos2x, f(7)(zq) = 7128
@) (x) = 2565in2z, f&)(zy) =

()

= 512c0s2x, f)(xq) = 512

Jla) = sin2e = S, FE (0 — )
z0)x B3 (g (5) (D (g ) (30)2°
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Problem 2

(¢) up = (sinu)ug, u(0,z) = § +x

first ¢(x) = § + 4, implies it is analytic

(5) (1) (z—1)°
4 00
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PS5 Problem 2 (continued)

Obviously, F(t,x,u,p) = (sinu)p is also analytic

Therefore, u(0,7) = § + =
ug(0,2) =1
Uy (0,2) =0
us (0, ) = (sinu)u, = sin(§ + 2)uy
Utz (0,7) = cos(§ + T)Uz + Ugesin(F + )
gy = SIN(F + T)Uat
= (sing + x)(cos(§ + T)ugy + uzasin(g + ))

Thus u(t,x) = &+ + 5t + @tw + %tz...
(d) up = e®uy, u(0,2) =1 -z + 22 u(t,z) =1 —t —x + 1> + 2tx + 22

é(x) =1 —x + 2? is analytic
F(z,t,u,p) = e®p is also analytic.

uw(0,2) =1 —z + 22

ug(0,2) = —1 4 2z

Uy (0, 2) = 2

ur(0,2) = e (=1 + 2z) = —e'™ + 2ze'”
(0, 7) = zet®uy + uget®

U (0, ) = —te'® + 2twet® + 2et*

u(0,2) =1
u,(0,0) = —1
Uy (0,0) = 2
Ut 0,0) =-1
utt( ,0) =2
ut5(0,0) = 2

ult,z)=1—c—t+2tx+ 222+ 232+ .. =1—z—t+2t+a2? + ..
(€) up = Ugitzz, u(0,21,20) = T1 + 9 — 227
Obviously, ¢(x) = 1 + zo + 227 is analytic, and F(t,z,u,p,q) = pq is analytic.

uw(0, 21, 22) = 21 + T2 — 227
uxl(O,xl,xg) =1- 43;‘1
Ur2(07l’1,172) = 1
Uz121(0, 21, 22) = —4
Uz222(0, 21, 22) =0
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PS5 Problem 2 (continued)

Uz122(0,21,22) =0
ug(0, 21, 2) = 1 — 4y
uml(O, Il,fﬁg) = 74
utzg(O, 5617.%2) =0
(0,1, 20) = —4

u(0,0,0) = 0
z1(0,0,0) =1
Ug2(0,0,0) = 1
Uz121(0,0,0) = —4
quIQ(O, 0, O) =0
Ugp1z2 (0, O, 0) =0
u¢(0,0,0) =1
ut,1(0,0,0) = —4
ut22(0,0,0) =0
utt(O, 07 0) = —4

Thus, U(fﬂvt):z1+x27%+t74m1—%+,,.
:x1+x2+t—2x%—4tm1—2t2+...

Problem 3
up = sinug, u(0,r) = §

¢(x) = Fx is analytic on z € R
Obviously, F(z,t,u,p) = sinp is also anlytic

ut (0, x)sinu, = sin(y)
Uty = (COSUL) * Ugy
gy = (COSUL Uzt

u(0,0) =0
’LLI(O, 0) = %
ua::z:(O’ 0) =0
ur(0,0) = L2
ut:(0,0) =0
u(0,0) =0

Problem 4
(a) PPy + tyy = 0, y3D2 — Dy® = 0, &, = £/~ ¢3¢,

-when y > 0, there are no characteristic directions and no characteristic curves,
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PS5 Problem 4 (continued)

-when y < 0, characteristic directions at (x,y) are given by (1,+y/=y), y*D} + D =0, y°D2 = =D},

Therefore, do = £/ —y3dy
dr = +(—y)*?dy
z = +2Z(—y)*? + ¢ where y <0

(b) uy + 2zyu, + e u = cos(x +y)
ie. D, 4 2xyDy + e*u = cos(x + y)
we have &, + 2zy§, = 0, the characteristic direction is (—2zy, 1)
Therefore, the characteristic curve is y = ce=".
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