PS3 Problem 1

Problem 1

(b) V = (z,—y,0) integral surface of V that contains C: x = ¢, y =t, 2z = t?
First let’s check the tangent to C: (1,1,2t) # (¢, —t,0) for all ¢
the first integrals are zy = u1, 2 = us
Therefore u; = ay =1t -t =2, ug = 2z = t2
thus u; — ug = 0 for all ¢
Substitute u; = zy and us = 2z, we have zy — 2 =0

(d) V: (yl 71’1,25Uy2), C: r=ty=tz =t?
First let’s check the tangent to C': (1,1, 2t) # (¢, —t,2t*)
the first integrals are

2 2
%z%é—mdmzydyé—% = %+ const
:>:v2+y2:u1:cl
dz _ _d _1 2 _

?”C = hzz = 2xdr = dz = x° = Inz + const
=uy =22 —Inz=cy

Therefore, uy = 22 + y? = 2t = 2 = o

ug = 22 — Inz = t2 — In(t?)

_oa?y? ln(:c2+y2)

Problem 2

<= First let’s check if C is tangent to V/

(a) (1) V=(1,1,2) = (1, 1,¢")
C:(x,y,2)=(t,1+te"),o<t<oo
= 9 = (1,1,¢")
therefore V = ‘;—?

(11) de _ d dz

1 1 2
[dz = [dy=2z—y=u
fd;v:f%ix—lnz:ug
In this curve, u; =t — (1+¢t) = -1
uy=t—Inet =t—t=0
Therefore, find F s.t. F(uy,us) = F(—1,0) =0

(b) () V = (z2,y2, —zy)
C:(t,—tt) =5 =(1,-1,1)
V = (12, —t2,t?) = t2(1,-1,1)
_ dc
=V = consts;
(ii) de _ dy _ dz

rz ~ yz Ty
Inx =Iny +const = £ =u; =

Y
ydr = xdy = —zdz
2 2
= crydy = —zdz = c1 - % = — %5 + const
ln—C,u1:§:_it:—1,u1:—1
Uy = cly2 +2¢ = clt2 + 2
suppose ¢; = —1 then us =0
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PS3 Problem 2 (continued)

thus, find F s.t. F(u1,u2) = F(—1,0) =0

Problem 3

@=L
(1) V-V =0 (solenoidal — use THM5.1)
(2) % = d* = T+y=u

hkew1se Y — 2 =uU

VuyzVuy = (1,-1,0) x (0,1, -1) = (1,1,1) =V

thus A =1
F(U17u2) 1
thus G s.t. F' = :>G(u1,uQ) =u

thus W = GVuz = u1 (0,1,-1)
@011
W= (O,I—y,y—I)

(b)VZ(x +y%, 22 +42, 0)

<~ 17 x 2 — X 2T x
(1) V.V= ( (:211_‘_;2)22 + ( (I§J+Lz$22y =0
de  _ _dy __ dz
(2) w2iz/2 N ﬁ -0

z =const, ug =z = C
Inx = Iny + const, uy =

VuizVus = (5, =4, 0) x (0,0,1)
= (_y%7_y%ao)

V= ( 2+y )(VU1$VUQ)

- -1 -1
( 'Y ) w2+y2 (5)2+1 1+u§

= _ -1 _ G
F(uy, ug) = Mua, ug) = ﬁ T un
thus, G = —tan=!(u;)
thus, W =G Vu2 = —tan~Y(uy) - (0,0,1)
W = (0,0.~tan"!(2))

Problem 4

To prove the existence and uniqueness of the equations, we need to show these equations satisfy conditions
described in theorem 3.1.
Now, let us use parametrization that:
m:t7y:y03'z:f(t)
Then P( T,Y,z ) 2 7Q( T, Y, )CTw
= P(z,y, )dyoz A= 1400

(2) Likewise parametrization:

‘T:any:tVZ:f(t)
then P(z,y,z) = 1, in equation (3.9)
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PS3 Problem 4 (continued)

Problem 5

22402)1/2_ 5
Show that ug(z,y,2) = 2% — (y* + 22)'/2 - log % (Eq 2.15)
satisfies (F¢2.14).

Proof: u, =2z
wy = 7+ )2y f

~ (2 4 2)2 LW+ P2y 1P+ Py
Yy (W2 122)172— (2 21712

=+ )M ryp -2
we = = + )12 g
ey e 1 o)

(2 +22)12—2 (2 +22)1 /212
2 2 22
_ —2z(y22 + 22)—1/2 S f - 2% + 2(yy;r )
=12 2w azr - (—(yP + 22) TPy f - 22)

2 2
—ay(—2(y? 4+ 22)" V2. f — 2;; 4 242y

0 "
We have u; = 3% + 22
2 2y1/2_

where V-Vu, =V -Vuy =0

Vuy = (0,2y,2z)

J— 2 2 22
Vug = (22, —(y? + 22) "2 f — 22, —z(y? 4+ 22) V2 — 21/% + 72(?’;5 )
thus ﬁulx@z 7&2

(because if VuixzVug = 0, then wuy//ug, but 0 # 2z for all x # 0

it 2 =0, f =loghez and ug,y = —(y? + 22) "2 - log= — & # 2y(ur,y) D)

= uy & ug = fund independent
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