PS2 Problem 1

Problem 1

Let u(x,y, z) be a first integral of V and let C be an integral curve of V given by = = z(t), y = y(t), z = z(¢)
tel

Let us parameterize the first integral of V u(x,y, z) by u(x(t),y(t), 2(t)) on C' and now take the derivative
with respect to t.

ar [ (0, y(6), 2(0)] = P + @ F +

A level surface of u(z(t), y(t), 2(t)) is such that u(z(t),y(t), 2(t)) = C1, or C' and d zz—;

Then, we have

e+ ety 1 20

But, this is equivalent to

Pug 4+ Quy + Ru, =0 where V =< P,Q,R >

We see that < P,Q, R > - < ug,uy,u, >=0

Therefore, the target vector of C' (which is V' =< P, Q, R >) was parallel to the level surface u(z(t), y(t), z(t))
for all (x,y,2) € Q

Thus, we conclude that C must lie on some level surface of u for some Cf.

Problem 2

Find integral curves.

a) V = (log(y + z), 1 —1)
d
logEinyrz) = Ty = :> f ]‘dy f(_]'dz)
y+z=ci,
dy _ dx _ _dx _
T = gtyra) = degtey = J log(er)dy = [ da

loglc1)y=ax+co=log(y+ 2)y —x = ¢
ur(z,y,2) =y + 2z =c1 and ug(z,y,2) = log(y + 2)y —x = c3

b) V= (22,92 2 +y), B = % = Lo
JaPde = [y Pdy = a7t =~y + e

055 =2 + 0= y = Co
T = 1 dy — dz — dz _ dz
s—co’ y? z(z+y) z(ﬁ—&-y) (=55 +v)
(=i + )dy:: 292
1—
(§mesty + 20 + 1/y)dy = (2/y + =5, dy = Sdz
2

2/ + 2255y = 2+ Inty) ~ 1 — con) = In( £25) = n(2) +.,
— _ — 1 —

lj/coy €27, lfycoy =Yy lfyCUy - yl/yfco =Ty

Coz =Ty, Co = 1Y /2

Ul(l",yaz) = :D?—yy = Co, U2(177y72’) = 171/ =C2

Problem 3

Find the general solution

de _ dy _ de | dy | dz _ d(ztytz)
a) y—z  z—x  x— 'q’ y—z + z—x + T—y 0
r+y+z=c

We also notice that if P=y — 2, @ =z —z and R =z — y, then 22P + 2yQ + 2zR = 0.
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PS2 Problem 3 (continued)

There is a function X s.t.

dx d d d

=205 2y + 229

X = 2% +y? + 22, then fl—f =2zP+2yQ +2zR=0
then 22 +y2 + 22 =

ul(x,y,Z) :-T+y+2201, ’LLQ(.T,y,Z) =x2+y2—|—z2 = C2

Problem 4
a) xug + yu, + zy(z2 + u, =0

Example 2.1 gives two first integrals that satisfy this equation.
ui(z,y,2) = y/z = c1, us(2,y,2) = tay — arctanz = ¢,

A general solution is a L’ function F(uj,us) such that
u=F(%, Jzy — arctanz)

x

b) i(y2 + 2% uy + z2uy — 2YU, =0
Example 2.2 gives two first integrals that satisfy this equation
uy(z,y,2) =92+ 22 = ¢4
2
wa(,y,2) = 2% — (5 + 22) Plog S 2 ] 4 o
A general solution is a L’ function F'(uj,us) such that

2, 2\1/2_,
w= PP + 2,2 — (3 + )/ 2l0g [E2 i)

2y1/2_,

) (y+ 2)uz +yuy + (. — y)u, =0

Example 2.3 gives two first integrals that satisfy this equation.
Ul(l’,y,z) = :DZz = (1, UQ(xayVZ) = (‘T - y)2 - 22 =C2
A general solution is a L’ function F'(uq,us) such that
u= P (2 —y)? — 22)

d) z(y — 2)us +y(z — x)uy + 2(x — y)u, =0

Example 2.4 gives the first integral ui(z,y,2) = zyz = 1

Simple inspection reveals that wus(x,y,2) = x + y + 2 = ¢y is another functionally independent first
integral.
A general solution is a L’ function F'(uq,us) s.t.

u=F(zyz,x+y+ z2)

Problem 5

Find the general solution

a) uy1 = 0 (n arbitrary)

A first integral is any function of the variables xo, 3, x4, ..., Zpn, 0 u1 (21, T2, ..., Tp) = Ta, U2(T1, o, ..., Tp) =
T3y oeey Unfl(mla I2, axn) = Tn

Obviously these n-1 first integrals are all functionally independent.
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PS2 Problem 5 (continued)

A general solution is a L’ function F'(uq, ug, ug, ..., Un—1) S.t. u = F(x2, T3, T4,

ey Tp)

b) T1tg1 + T1ToUss + T1ToUes + Tytizy = 0 This implies 421 = dz2 — dza _ drg

1Uz1 14L2Wgx2 142Wgx3 4Ux4 1 ZTiTso Ti73 Z4

SO %1 = %4 = Inz; = Inxy + ¢

T __ — 1 __T

H_Cl7grad_(?470707 (:1:4)2)

drs __ dxs drs __ dxs _

T1T2 - Tr1xT3 T2 _1 xrs3 = Z’I’Ll‘g - ln$3 + ¢

T2 __ — x2

2 =cg, grad = (0, 7, —752,0)

dry __

= T2 — g =482 — 0 gy 4o
:fl T1x2 112 1
T — — T T
o€ =c3, grad = (e, —e 1@’0’0)

A general solution is a L’ function F(uy,us,us) s.t. u = F(%, %2 Lo

ﬂ’ 13’ xro
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