A SUPERPOSITION IN POLYTROPIC FLOW
ROBERT E. TERRELL

ABSTRACT Simple polytropic waves which propagate in three space dimen-
sions may be superposed provided that the angle between the directions of
propagation has a precise value which depends on the ratio of specific heats.
The velocities add, and densities combine nonlinearly. Numerical evidence
is given and the solutions are proved mathematically.

Consider the polytropic Euler equations in three space dimensions
u+u-Vu+p 'Vp=0,

pt +div(pu) =0, p=kp’
We assume 1 < v < 3, k is constant, and set a = "’T_l

Let f(s,t) be any smooth solution to the inviscid Burgers equation

ft+(1+a)ffs:0

and v any constant unit vector. There are known solutions expressible as
u(z,t) = f(z-v,t)
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We first present results of a numerical calculation in which the initial con-
ditions are

u(z,0) = folx-vi)vr + folz - v2)ve

po0) = (Sl ) + Sl v2))

Here fo(s) = 2 + 3exp(—5s?), and there are two constant unit vectors vy
and vy. In the upper row of figures, the dot product

a

V1 -V = —a.

In the lower row, vo was changed slightly.
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Density contours for a case in which the plane waves begin “incorrectly” orthogonal.

The calculations were done in clawpack [2] [4]. Here v = 1.4 and k& = 20 000.
The times t in the figures are 0, 0.2667, and 0.5333, and the Burgers solution
f(s,t) remains smooth until approximately ¢t = 0.2.

We next prove that there are such solutions.

Theorem. Let v1,...,vy be unit vectors in R3 for which the dot products
Uy * U = —a, n#*m

(N is 2, 3, or 4, depending on ) and suppose that f,(s,t) are differentiable
solutions to Burger’s equation

fi+(1+a)ffs=0, seR, 0<t<T
Define

N N 1
U([L’,t) = Z fn(x ' U'mt)vna and p= (\/% Z fn(x ' Unat)> ’
n=1 n=1

Then u and p satisfy the polytropic Euler equations on this time interval,
for as long as the sum of the f,, remains positive.




Proof. The calculation is simpler if we first transform the Euler system to
symmetric form. Let w be the sound speed divided by a:

1
w=a \kyp-l, p= <\/%w) "

The Euler system becomes

ur +u-Vu+awVw = 0
wy +u - Vw + awdivuy = 0.

This is can be written
U
qt + A1z, + A2qe, + A3z, =0, q= [w] , A = uild + awl;

where [ is the 4 x 4 identity matrix and
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We abbreviate f = evaluated at (x - vy, t) by fns. Component ¢ of vector vy,

is written vp;. Also abbreviate %L;(x “Up,t) by fnt, and f(x - vy, t) by fp.

Then

N N
U U
= E SnsUni [1” ] and A;qy, = E Tns (Wivn; + awvp;(e; + vpieq) [1” ] .
n=1

n=1

So

qﬁZAqul me {vn] +ans (u o [v ] © aw, L vn|2]>
:é(fnt“‘fnsq [ b[ ] ZN:(fnt+fn51+a)fn) L} —o.

n=1

This completes the proof.



Remark. Such configurations cannot generally live beyond the time when
shocks develop in any of the f,. For example, suppose a shock of speed o
develops in fi, and 7 = 1.4. The jump condition on density is [p]o = [pu]-v1

N : . :
[(\/%;fn>a10': [(m;fn) (fi+af2+afs)

But this is not possible. Consider a line segment lying in a plane level set
of f3 and within the shock plane. Along this segment, fo will in general
take a continuous range of values. Since 1/a = 5, the jump condition is a
polynomial identity in the values of fs. This contradicts the fundamental
theorem of algebra. The numerics suggest that perhaps some effect persists.
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