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Exercise 2 from Section 51, page 330
This is a special case of problem 3 below. �

Exercise 3 from Section 51, page 330
(a) The formulaF(x, t) = (1− t)x is a homotopy between the identity map on eitherI or
R to the constant map at 0.

(b) SupposeX is contractible and letF : X× I → X be a nullhomotopy withF(x,0) = x
andF(x,1) = x0 for all x. If x, y ∈ X, F(x, t) andF(y, t) are paths fromx andy to x0

respectively. ThenF(x, t) ∗ F(y, t) is a path fromx to y.

(c) Y is contractible, soiY ' ey0 whereey0 is the constant map aty0. Thus given any map
f : X → Y, we haveiY ◦ f ' ey0 ◦ f . SinceiY ◦ f = f , we see that any map is
homotopic to the constant map that takes all ofX to y0.

(d) Let iX ' ex0 and [f ], [g] ∈ [X,Y]. Then f = f ◦ iX ' f ◦ ex0 = ef (x0) and similarly
g ' eg(x0). Hence we need only show thatef (x0) ' eg(x0). SinceY is path connected,
we have a pathα : I → Y from f (x0) to g(x0). This gives the required homotopy
F(x, t) = α(t) from ef (x0) to eg(x0). �

Exercise 2 from Section 52, page 334
This is a direct computation using the definition of ˆγ: given [f ] ∈ π1(X, x0), we have

γ̂([ f ]) = [γ̄] ∗ [ f ] ∗ [γ] = [β̄ ∗ ᾱ] ∗ [ f ] ∗ [α ∗ β]

= [β̄] ∗ ([ᾱ] ∗ [ f ] ∗ [α]) ∗ [β] = β̂([ᾱ] ∗ [ f ] ∗ [α]) = β̂(α̂( f )).

�

Exercise 4 from Section 52, page 335
If [α] ∈ π1(A,a0), thenα : (I , {0,1}) → (X,a0) andr ◦ α = α. Hencer∗([α]) = [α]. In
words, a loop inA is also a loop inX andr leaves it untouched. �

Exercise 3 from Section 53, page 341
If you are following the text and assuming only thatB is connected, proceed as follows:
Let Bk be the set of pointsb in B for which p−1(b) hask points. ThenBk is nonempty, since
b0 ∈ Bk. It is open, for ifb ∈ Bk andU is an evenly covered neighborhood ofb, each point
in U hask points in its pre-image, i.e.U ⊂ Bk. Exactly the same argument applied to a
point not itBk shows thatB− Bk is open as well. HenceBk is both open and closed and so
is all of B.
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If we assume that all spaces are path connected, as in class, we can use the path lifting
lemma to set up a bijectionf : p−1(a) → p−1(b) for anya,b ∈ B. Supposeα is a path in
B from a to b. For eachx ∈ p−1(a), there is a unique lift ofα starting atx, sayα̃. Define
f by f (x) = α̃(1). Now note that if ˜α is a lift of α, then ¯̃α is a lift of ᾱ starting at ˜α(1), so
applying the path lifting lemma to ¯α shows thatf is surjective. f is also injective, for if
f (x) = f (y) for x , y, then there would be two lifts of ¯α starting atf (x). Hence we see that
if p−1(b0) hask elements for someb0, then so doesp−1(b) for everyb ∈ B.
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