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Exercise 6 from Section 28, page 181
X is a metric space, so it is Haus#forThus X is compact Hausdérand we need only
check thatf is a continuous bijection. Continuity and injectivity is immediate sihégan
isometry.

Suppose that is not onto, and led € X — f(X). f(X) is compact, being the continuous
image of a compact set, so it is closed. Thus f(X) is open and we can find an> 0
such thatB(a, ¢) is disjoint from f(X). Setxy = aand forn > 0, X, = f(X,.1) = f"(a). If
n > m, we haved(x,, Xn) = d(f"(a), f™(a)) = d(f""™(a),a) > & sincef"™(a@) is in f(X)
andaisn’t. Thus{x,} has no convergent subsequence and this contradicts the compactness
of X. m]

Exercise 7 from Section 28, page 181
(a) First note that sinck is compact{d(x,y) | X,y € X} is a compact subset &. Thus
diamX, defined to be the supremum of the above set, is finite.

Let A = X, andA, = f(A,1) forn > 0. Itis clear that eaclA, is compact (hence
closed) andA,,; C Ay, so the finite intersection property implies that their intersec-
tion (call it A) is non-empty. Note thah contains all the fixed points df.

Furthermore, diam < diamA,, < o"diamX for eachn. Hence dianA = 0 andA
is a singleton, saya}. Now clearly f(A) c A, so f(a) = a and we have found the
unique fixed point.

(b) As before, letAg = X, A, = (A1) andA = N A,. We claim thatA = f(A). The
inclusion f(A) c Ais clear; for the other inclusion, suppose A. We will find an
a such thatf(a) = x. Sincex € A, for eachn, x € A,,1, so there is arx, such that
f™1(x,) = x. Lety, = f"(x,) anda be the limit of a convergent subsequenceyaf
(which exists sinc& is compact).

Now f(y,) = f(f"(x)) = f"1(x,) = x for all n, so in particular this holds for the
above subsequence. Henig@) = x. Furthermore, each closég contains all but a
finite number of they,’s, so contains the limia of a subsequence. Thas A.

This implies thatA = f(A). However, since is a shrinking map ané is compact,
diamA < diamf(A) if A has more than one point. Thus we conclude fhas only
one point, the required fixed point f

(c) A direct computation yields
1) = f(Y) = 1x—y|1-1(x+Y)|.
and the result is immediate.



(d) In this case we have
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Hencef is a shrinking map that is not a contractidr{x) = ximplies the nonsensical
relationx = Vx2 + 1 so it has no fixed point. O

100~ )< 5 X~y (1+

Exercise 1 from Section 29, page 186

We will show that there is no point at whic@ is locally compact. Suppose not, and
assume thad is locally compact at]. This means that there is a compactGeatontaining

a neighborhood) = (a,b) N Q of g. Let s be an irrational number ina(b) and{x,} a
sequence iJ that converges te. Then{x,} is a sequence i€ that has no convergent
subsequence i@, contradicting the compactness©f m|

Exercise 5 from Section 29, page 186

LetY; = X; U {cog} andY, = X, U {05} be the one-point compactifications ¥f and X,
respectively. We extend to f: Y: — Y, in the obvious way:f~(oo1) = o0, and f~|><1 =
f. SinceY; is compact andr, is Hausdoft, we need only check that is a continuous
bijection. The second condition is immediate, so we show histontinuous. Suppods
is open inY,. If U does not contaiko,, it is open inX,. Hencef~1(U) = f~1(U) is open
in Y. If U = Y, — C for a compact subs& of X,, f%(U) = Y; — f1(C). Sincef is a
homeomorphismf—1(C) is compact inX; and sof ~*(U) is open inY;. O

Exercise 10 from Section 29, page 186

X is locally compact ak, so there is a compact sétcontaining a neighborhood of x.
ThenU N Ais a neighborhood ok contained in the compact HauséospaceC. The
subspac&€ — (AN U) is closed, so it is compact, and thus, by Lemma 26.4, we can find
disjoint open set¥ andW containingx andC - (U N A), respectively.V is the required
neighborhood ok: V is a closed subset € so is compact, and c U sinceV c C-W c
UnA |



