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Exercise 6 from Section 28, page 181
X is a metric space, so it is Hausdorff. ThusX is compact Hausdorff and we need only
check thatf is a continuous bijection. Continuity and injectivity is immediate sincef is an
isometry.

Suppose thatf is not onto, and leta ∈ X− f (X). f (X) is compact, being the continuous
image of a compact set, so it is closed. ThusX − f (X) is open and we can find anε > 0
such thatB(a, ε) is disjoint from f (X). Setx0 = a and forn > 0, xn = f (xn−1) = f n(a). If
n > m, we haved(xn, xm) = d( f n(a), f m(a)) = d( f n−m(a),a) > ε since f n−m(a) is in f (X)
anda isn’t. Thus{xn} has no convergent subsequence and this contradicts the compactness
of X. �

Exercise 7 from Section 28, page 181
(a) First note that sinceX is compact,{d(x, y) | x, y ∈ X} is a compact subset ofR. Thus

diamX, defined to be the supremum of the above set, is finite.

Let A0 = X, andAn = f (An−1) for n > 0. It is clear that eachAn is compact (hence
closed) andAn+1 ⊂ An, so the finite intersection property implies that their intersec-
tion (call it A) is non-empty. Note thatA contains all the fixed points off .

Furthermore, diamA ≤ diamAn ≤ α
n diamX for eachn. Hence diamA = 0 andA

is a singleton, say{a}. Now clearly f (A) ⊂ A, so f (a) = a and we have found the
unique fixed point.

(b) As before, letA0 = X, An = f (An−1) andA =
⋂

An. We claim thatA = f (A). The
inclusion f (A) ⊂ A is clear; for the other inclusion, supposex ∈ A. We will find an
a such thatf (a) = x. Sincex ∈ A, for eachn, x ∈ An+1, so there is anxn such that
f n+1(xn) = x. Let yn = f n(xn) anda be the limit of a convergent subsequence of{yn}

(which exists sinceX is compact).

Now f (yn) = f ( f n(xn)) = f n+1(xn) = x for all n, so in particular this holds for the
above subsequence. Hencef (a) = x. Furthermore, each closedAn contains all but a
finite number of theyn’s, so contains the limita of a subsequence. Thusa ∈ A.

This implies thatA = f (A). However, sincef is a shrinking map andA is compact,
diamA < diam f (A) if A has more than one point. Thus we conclude thatA has only
one point, the required fixed point off .

(c) A direct computation yields

| f (x) − f (y)| = |x− y|
∣∣∣1− 1

2(x+ y)
∣∣∣ ,

and the result is immediate.
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(d) In this case we have

f (x) − f (y) =
1
2

(x− y)
(
1+

x+ y
√

x2 + 1+
√

y2 + 1

)
,

so

| f (x) − f (y)| ≤
1
2
|x− y|

(
1+

|x| + |y|
√

x2 + 1+
√

y2 + 1

)
.

Hencef is a shrinking map that is not a contraction.f (x) = x implies the nonsensical
relationx =

√
x2 + 1 so it has no fixed point. �

Exercise 1 from Section 29, page 186
We will show that there is no point at whichQ is locally compact. Suppose not, and
assume thatQ is locally compact atq. This means that there is a compact setC containing
a neighborhoodU = (a,b) ∩ Q of q. Let s be an irrational number in (a,b) and {xn} a
sequence inU that converges tos. Then{xn} is a sequence inC that has no convergent
subsequence inC, contradicting the compactness ofC. �

Exercise 5 from Section 29, page 186
Let Y1 = X1 ∪ {∞1} andY2 = X2 ∪ {∞2} be the one-point compactifications ofX1 andX2

respectively. We extendf to f̃ : Y1 → Y2 in the obvious way: f̃ (∞1) = ∞2 and f̃ |X1 =

f . SinceY1 is compact andY2 is Hausdorff, we need only check that̃f is a continuous
bijection. The second condition is immediate, so we show thatf̃ is continuous. SupposeU
is open inY2. If U does not contain∞2, it is open inX2. Hence f̃ −1(U) = f −1(U) is open
in Y1. If U = Y2 − C for a compact subsetC of X2, f̃ −1(U) = Y1 − f −1(C). Since f is a
homeomorphism,f −1(C) is compact inX1 and sof̃ −1(U) is open inY1. �

Exercise 10 from Section 29, page 186
X is locally compact atx, so there is a compact setC containing a neighborhoodA of x.
Then U ∩ A is a neighborhood ofx contained in the compact Hausdorff spaceC. The
subspaceC − (A ∩ U) is closed, so it is compact, and thus, by Lemma 26.4, we can find
disjoint open setsV andW containingx andC − (U ∩ A), respectively.V is the required
neighborhood ofx: V̄ is a closed subset ofC so is compact, and̄V ⊂ U sinceV̄ ⊂ C−W ⊂
U ∩ A. �
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