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Exercise 2 from Section 26, page 171
(a) LetX be a subspace @& in the finite complement topology, and ki,} be an open
cover forX. Pick a particulatd,,, = R — A,,, whereA,, is finite. ThenX-U,, c A,,
is finite, sayX — U,, = {&4, @, ..., ay}. For eachs;, we can find ar,, that contains
it, SO{U4q, Uy, - - - » Uy, } IS @ finite subcover.

(b) [0, 1] is not compact in this “countable complement” topology. For eaehzZ*, let
U,=[0,1] - {T1 | i > n}. Then{U,}nz+ iS an open cover for [A] that has no finite
subcover. |

Exercise 3 from Section 26, page 171

Let A, ..., A, be compact subspacesXf let A = |J_; A. Suppose? is an open cover
for A. Then% is also an open cover for eaé), so we can find finite subcovets. Their
union is the required finite subcover fAr HenceA is compact. m]

Exercise 5 from Section 26, page 171

By Lemma 26.4, for each € A, we can find disjoint open set, andV, such thata € U,
andB c V,. The collectionfU, | a € A} is an open cover foA, so by compactness, we can
find a finite subcovefU,,,U,,,..., U, }. LetU = |, U, andV = N, V,. ThenU and

V are disjoint, andA c U andB c V. m|

Exercise 11 from Section 26, page 171

Suppose thaY is not connected, so there is a separaion D. ThenC andD are both
closed inY and hence irX sinceY is closed inX. ThereforeC andD are compact and by
problem 26.5 we can find disjoint open setandV containingC andD respectively.

Now the collectionfA - (U U V) | A € &/} is a collection of closed sets ordered by
proper inclusion. Furthermore, eagh- (U U V) is non-empty lesAn U andAnNV be a
separation. Hence the collection has the finite intersection property and so has a non-empty
intersection. This, however, is not possible since their intersection is siviypl{U U V).

ThusY cannot have a separation. O

Exercise 3 from Section 27, page 177
(a) Recall that th&-topology is generated by the bagia, b), (a,b) - K | a < b}, where
K = {% | ne Z*}. Foreach, letU; = (,2) U (-1,1) - K; the open cove{U;} of
[0, 1] does not have a finite subcover, solPis not compact.
(b) (=0, 0) clearly has the usual topology as a subspadeyofFor (Q o), a basis for
the subspace topology is given {{g, b), (a,b) — K | 0 < a < b}. Since f,b) - K is
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a union of open intervals & > 0, this basis generates the usual topology gro{0

Thus both €0, 0) and (Q ) are connected. Furthermore, 0 is in the closure of both
sets, since any basic neighborhood of 0 must intersect both. Hence, by Theorem
23.4, (o0,0] and [Q o0) are connected. Finally, we halg = (-0, 0] U [0, o), SO

Rk is connected.

(c) To avoid confusion, I'll use a subscript “K” to indicate that an interval is to be re-
garded as a subspace®g, so [a, b] has the usual topology, whil@[b]x has the
subspace topology inherited fraRy .

Let p,q € Rk be such thap < 0 andq > 1. If R were path connected, then there
is a continuous functior : [0, 1] — Rk such thatf(0) = pand f(1) = g. Since the
K-topology is finer than the usual topology &n f, when regarded as a mapRko

is also continuous. By the intermediate and extreme value theorfgfsl]) is an
interval that containg andg.

Going back taRk, ([0, 1]) is compact, sincéd is continuous and [A] is compact.
Moreover, [Q1]k is a closed subspace d¢{[0, 1]), so this implies that [Ql]k is
compact. However, in (a) we showed thatI{x is not compact, so there cannot be
a path fromp to g andR cannot be path connected. O

Exercise 5 from Section 27, page 178
Let A denote the unioy) A,. A has empty interior if and only if given any non-empty open
setUp, Up ¢ A, or, in other words, there is an elemer¢ U that is not inA. We'll use a
method similar to the proof of Theorem 27.7 to produce such an

Consider the se;. It cannot contairJy since it has empty interior; pick an element
y € U that is not inA;. Being a closed subspace of the compact spgak, is compact.
Hence Lemma 26.4 implies that there are disjoint open \éets that containy and A,
respectively. NowB = X — (Up N V) is closed and/ ¢ B, so, by Lemma 26.4 again, we
can find disjoint open setd; andW’ that containy and B, respectively. Note that, is
disjoint fromW’ (sinceX — W’ is closed), sdJ; c UgNV. ThusU, is contained inJo
and is disjoint fromA;. In summary, given the non-empty open Bgtand the closed set
A; with empty interior, we can find an open $&t such that

U_lﬂAl =0,
U1CU0.

In general, given the non-empty open Bgt; and the closed s&,, we can choose an
open setJ,, such that

U,NA, =2,
Jn C Un_l.

This gives us a nested sequertae 5 U, > - of non-empty subsets of. The
collection{U,} thus has the finite intersection property, so, by the compactnesstbe
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intersection) U, must be non-empty. Anx € (U, will be in U, (sinceU; c Ug) and
not in A (sinceU, is disjoint fromA,)). ThusA has empty interior. O

Exercise 6 from Section 27, page 178

(&) We will show that any two points @ lie in different components; it follows that
only singletons are connected. Suppose that b are inC. The interval &, b)
contains a closed interval of the forrk/B", (k + 1)/3"] for some stficiently large
n. Hence either the corresponding open interval has been removed byhsiage
middle third will be removed at stage+ 1. This means that [@2k + 1)/2-3"| N C
and [(X + 1)/2-3",1] n C form a separation o with ain the first set andb in the
second. Thua andb are not in the same component.

(b) Cis an intersection of closed seAg and so is closed. Being a closed subspace of a
compact space makes it compact.

(c) The first claim is immediate via induction. The endpoints ar€ isince they are
never removed from any of thig,’s.

(d) Supposex € C is an isolated point, s{x} is an open set. This means that it is the
intersection of an open skt in [0, 1] with C. If xis 0 or 1,U contains an interval
of the form [Q a) or (a, 1] respectively; otherwise it contains one of the forank).
Letting | denote any of the above intervals, we see @atl is a subset ofx}. This
is not possible, since any such interval must contain an infinite number of points of
C: it contains infinitely many of the endpoints in (c).

(e) This is immediate from the previous parts and Theorem 27.7. |



