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Exercise 2 from Section 26, page 171
(a) LetX be a subspace ofR in the finite complement topology, and let{Uα} be an open

cover forX. Pick a particularUα0 = R−Aα0, whereAα0 is finite. ThenX−Uα0 ⊂ Aα0

is finite, sayX − Uα0 = {a1,a2, . . . ,an}. For eachai, we can find anUαi that contains
it, so {Uα0,Uαi , . . . ,Uαn} is a finite subcover.

(b) [0,1] is not compact in this “countable complement” topology. For eachn ∈ Z+, let
Un = [0,1] − {1i | i > n}. Then{Un}n∈Z+ is an open cover for [0,1] that has no finite
subcover. �

Exercise 3 from Section 26, page 171
Let A1, . . . ,An be compact subspaces ofX; let A =

⋃n
i=1 Ai. SupposeC is an open cover

for A. ThenC is also an open cover for eachAi, so we can find finite subcoversCi. Their
union is the required finite subcover forA. HenceA is compact. �

Exercise 5 from Section 26, page 171
By Lemma 26.4, for eacha ∈ A, we can find disjoint open setsUa andVa such thata ∈ Ua

andB ⊂ Va. The collection{Ua | a ∈ A} is an open cover forA, so by compactness, we can
find a finite subcover{Ua1,Ua2, . . . ,Uan}. Let U =

⋃n
i=1 Uai andV =

⋂n
i=1 Vai . ThenU and

V are disjoint, andA ⊂ U andB ⊂ V. �

Exercise 11 from Section 26, page 171
Suppose thatY is not connected, so there is a separationC ∪ D. ThenC andD are both
closed inY and hence inX sinceY is closed inX. ThereforeC andD are compact and by
problem 26.5 we can find disjoint open setsU andV containingC andD respectively.

Now the collection{A − (U ∪ V) | A ∈ A } is a collection of closed sets ordered by
proper inclusion. Furthermore, eachA− (U ∪ V) is non-empty lestA∩ U andA∩ V be a
separation. Hence the collection has the finite intersection property and so has a non-empty
intersection. This, however, is not possible since their intersection is simplyY − (U ∪ V).
ThusY cannot have a separation. �

Exercise 3 from Section 27, page 177
(a) Recall that theK-topology is generated by the basis{(a,b), (a,b)−K | a < b}, where

K = {1n | n ∈ Z
+}. For eachi, let Ui = (1

i ,2) ∪ (−1,1) − K; the open cover{Ui} of
[0,1] does not have a finite subcover, so [0,1] is not compact.

(b) (−∞,0) clearly has the usual topology as a subspace ofRK. For (0,∞), a basis for
the subspace topology is given by{(a,b), (a,b) − K | 0 ≤ a < b}. Since (a,b) − K is
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a union of open intervals ifa ≥ 0, this basis generates the usual topology on (0,∞).
Thus both (−∞,0) and (0,∞) are connected. Furthermore, 0 is in the closure of both
sets, since any basic neighborhood of 0 must intersect both. Hence, by Theorem
23.4, (−∞,0] and [0,∞) are connected. Finally, we haveRK = (−∞,0] ∪ [0,∞), so
RK is connected.

(c) To avoid confusion, I’ll use a subscript “K” to indicate that an interval is to be re-
garded as a subspace ofRK, so [a,b] has the usual topology, while [a,b]K has the
subspace topology inherited fromRK.

Let p,q ∈ RK be such thatp < 0 andq > 1. If RK were path connected, then there
is a continuous functionf : [0,1] → RK such thatf (0) = p and f (1) = q. Since the
K-topology is finer than the usual topology onR, f , when regarded as a map toR,
is also continuous. By the intermediate and extreme value theorems,f ([0,1]) is an
interval that containsp andq.

Going back toRK, f ([0,1]) is compact, sincef is continuous and [0,1] is compact.
Moreover, [0,1]K is a closed subspace off ([0,1]), so this implies that [0,1]K is
compact. However, in (a) we showed that [0,1]K is not compact, so there cannot be
a path fromp to q andRK cannot be path connected. �

Exercise 5 from Section 27, page 178
Let A denote the union

⋃
An. A has empty interior if and only if given any non-empty open

setU0, U0 1 A, or, in other words, there is an elementx ∈ U0 that is not inA. We’ll use a
method similar to the proof of Theorem 27.7 to produce such anx.

Consider the setA1. It cannot containU0 since it has empty interior; pick an element
y ∈ U0 that is not inA1. Being a closed subspace of the compact spaceX, A1 is compact.
Hence Lemma 26.4 implies that there are disjoint open setsV,W that containy and A1,
respectively. NowB = X − (U0 ∩ V) is closed andy < B, so, by Lemma 26.4 again, we
can find disjoint open setsU1 andW′ that containy andB, respectively. Note that̄U1 is
disjoint from W′ (sinceX −W′ is closed), soŪ1 ⊂ U0 ∩ V. ThusŪ1 is contained inU0

and is disjoint fromA1. In summary, given the non-empty open setU0 and the closed set
A1 with empty interior, we can find an open setU1 such that

Ū1 ∩ A1 = ∅,

Ū1 ⊂ U0.

In general, given the non-empty open setUn−1 and the closed setAn, we can choose an
open setUn such that

Ūn ∩ An = ∅,

Ūn ⊂ Un−1.

This gives us a nested sequenceŪ1 ⊃ Ū2 ⊃ · · · of non-empty subsets ofX. The
collection{Ūn} thus has the finite intersection property, so, by the compactness ofX, the
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intersection
⋂

Ūn must be non-empty. Anyx ∈
⋂

Ūn will be in U0 (sinceŪ1 ⊂ U0) and
not in A (sinceŪn is disjoint fromAn). ThusA has empty interior. �

Exercise 6 from Section 27, page 178

(a) We will show that any two points ofC lie in different components; it follows that
only singletons are connected. Suppose thata < b are inC. The interval (a,b)
contains a closed interval of the form [k/3n, (k + 1)/3n] for some sufficiently large
n. Hence either the corresponding open interval has been removed by stagen or its
middle third will be removed at stagen+ 1. This means that [0, (2k+ 1)/2 · 3n] ∩C
and [(2k+ 1)/2 · 3n,1] ∩C form a separation ofC with a in the first set andb in the
second. Thusa andb are not in the same component.

(b) C is an intersection of closed setsAn and so is closed. Being a closed subspace of a
compact space makes it compact.

(c) The first claim is immediate via induction. The endpoints are inC since they are
never removed from any of theAn’s.

(d) Supposex ∈ C is an isolated point, so{x} is an open set. This means that it is the
intersection of an open setU in [0,1] with C. If x is 0 or 1,U contains an interval
of the form [0,a) or (a,1] respectively; otherwise it contains one of the form (a,b).
Letting I denote any of the above intervals, we see thatC ∩ I is a subset of{x}. This
is not possible, since any such interval must contain an infinite number of points of
C: it contains infinitely many of the endpoints in (c).

(e) This is immediate from the previous parts and Theorem 27.7. �
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