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Exercise 4 from Section 20, page 127

(a) Since each of their component functions are continuous, all thrégegéndh are
continuous whetR® is given the product topology.

On the other hand, iR” is given the box topology, none of them is continuous. To
see this, look at the open dét= [;2,(-1/n? 1/n?) in R“. The inverse image df
under each of, gandh s {0} and hence is not open.

Things are a little more interesting in the uniform topologyis not continuous,
since f1(V) = {0} if V is the product of countably many copies efl(1). Letk
denote eitheg or h. Thenp(k(s) — k(t)) = d(s—t), so if we have am-ball B;(f(s), €)
aboutf(s) in the p metric, thes-ball arounds (i.e. the interval § — &, s+ ¢)) In R
will be mapped intdB;(f(s), ). Hence bottg andh are continuous in the uniform

topology.

(b) First observe that ife) denotes any of the given sequences, thé,) — O for each
i. It follows from Exercise 18.6 (and a similar proof for the uniform topology) that
the only point the sequences can possibly convergede-i€0, 0, . . .). Furthermore,
we can also conclude that — 0 in the product topology.

Now consider the uniform topologyw() does not converge t0 (and hence does
not converge) since the neighborhoddfrom part (a) above) does not contain any
of thew,’s. The other three sequences, which we denotebby o converge t@:
given anye-ball B aroundO, choosingN > 1/& will ensure thato, € B whenever
n> N.

Finally for the box topology. This is finer than the uniform topology, 8g)(does
not converge either. In fact, this topology is so fine that evgh&nd §/,,) do not
converge. To see this, note that the neighborhdddom (a) does not contain any
Xn O Yn. (z,), however, do converge 1@, since given a basic neighborhotd =
[Thy W, of O, we need only choosBdl so thatn > N ensuresr;(z,) € W; and

n2(z,) € Ws to havew,, € W for n > N. Such a choice oN is possible since both
n1(wy,) andr,(w,) converge to 0.

Exercise 5 from Section 20, page 127

The closure ofR™ consists of all sequences that converges to 0.x_.et(Xy, X, ...) be
a sequence that converges to 0, ahc neighborhood ok. ThenU contains a basic
neighborhoodv = [ .;(X, — &, X, + &) wheree > 0. Sincex, — 0, we can find arN



such thatx,| < £ whenevem > N. Thus ki, X,...,Xn,0,0,...) is an element it/ that

is also inR*. To see that no other elementskf can be in the closure &*, suppose
thaty = (y1, Y, ...) IS a sequence that does not converge to 0. By definition, this means
there is ane > 0 such that for ever\, there is am > N satisfying|y,| > . Then
[Th1(Yn — & ¥n + €) is @ neighborhood of disjoint fromR. m|

Exercise 2 from Section 21, page 133
We need to show thédt: X — f(X) is a homeomorphism (I am being sloppy with notation
here, but since we shall not be referringfto X — Y, no confusion can arise). K(x;) =
(%), then

dx (X1, X2) = dy(f(x1), f(x)) =0,

SO X; = X. Hencef is a bijection, surjectivity being a given. Thds? is defined, and
furthermore, it is also isometric, that is,

dy (Y1, ¥2) = dx(f(yr), F(y2)).

Now, any isometric map is continuous, since we need only éakes in Theorem 21.1.
Hence bothf and f~* are continuous anél is an isometric imbedding. O

Exercise 4 from Section 21, page 134
For anyx € R,, U, = [X, X+ 1/n) is a countable basis at This is a basis ax because
any neighborhootl of x contains a basic open set |) (for y > x), which in turn contains
someU,.

Forx xy € | x| in the dictionary order topology we can use essentially the same
argument. However, there are a few cases to consider:

(@ 0xoO:
Un=[0%x0,0x %).

(b) 1x 1:
Un=(1x1-%1x1].

(c) xxywhere O<y < 1:
Un=(XXYy—- 5=, XxYy+ ) for someN.

N+n?

(d) xxO:
n=(X— g x 0,xx 1) for someN.

(e) xx1:

Un=(xx1-% x+ 5= x 1) for someN.

In cases (c-eN is merely a technicality needed to ensure that we stay within the square
I x1I. |



Exercise 2 from Section 22, page 144

(a) The existence of implies thatp is surjective, since the identity onis. Hence we
only need to check that {f=(U) is open therU is open. Sincep o f is the identity,
U = (po f)}(U) = f1(pt(V)). f is continuous ang(U) is assumed to be open,
so the result follows.

(b) Leti: A — Xbe theinclusion, i.d@(a) = aforallae A. Thenr oi is the identity on
A so the result follows from (a).

Exercise 4 from Section 22, page 145
(a) Letg : R? — R be given byg(x,y) = x + y2. Theng is surjective and there is an
f : X* - R such thag = f o g. Using Corollary 22.3, we need to check tigas a
guotient map in order to claim that" is homeomorphic t@®. If we identify R with
the x-axis, we havéJ = g~}(U)NR foranyU c R, soU is open if and only ig1(U)
is open. Thug is a quotient map and we are done.

(b) Do the same thing as (a) with: R? — [0, o) given byg(x,y) = X* + y°.



