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Exercise 4 from Section 18, page 111

We check thatf is an imbedding; the argument fgris similar. f is clearly a bijection
betweenX and f (X) = X X Yy, SO we need only show that it and its inverse are continuous.
It follows from the definition of the subspace topology that the open seXs>o¥, are of

the formU x yp, whereU is open inX. Sincef(U) = U X yq, it is immediate that both
andf-! are continuous. O

Exercise 5 from Section 18, page 111
The mapf : [0,1] — [a,b] given by f(x) = a+ (b — a)xis clearly a homeomorphism that
restricts to a homeomorphism from, (Q to (a, b). m]

Exercise 6 from Section 18, page 111

Definef : R — R by f(x) = 0 if xis rational andf (x) = x otherwise. We will show that
is continuous only at 0 by using the sequence criterion for continuitg }lfs any sequence
that converges to 0, thdrfi(a;)} is obtained frona} by replacing the rationad,’s by 0, so
it also converges to 0. Hendeis continuous at 0. Now suppose# 0. Pick a sequence
of rational numbers$a} and a sequence of irrational numb@sg that both converge t.
Thenf(g) = O for eachi, so{f(g)} converges to 0, whild (b)) = b;, so{f(b;)} converges
to x. Hencef cannot be continuous &t whetherx is rational or not. m]

Exercise 12 from Section 18, page 112
(a) Fissymmetric inxandy, so it sufices to check that it is continuousxwith y fixed.
If yo # 0, F(XX Yo) = Xyo/(X* +Y3) is clearly continuousE(x x 0) is identically zero
and so is continuous too.

(b) g(x) = 1/2if x # 0 andg(0) = 0 sog is not continuous at 0.

(c) Define a functiom : R - R x R by A(X) = xx X. A is continuous since each com-
ponent is. IfF were continuous, theg = F o A would be continuous, contradicting
part (b).

Exercise 6 from Section 19, page 118

Suppose thaty, X5, ... converges tx in the product topology. For a fixad, let U, be a
neighborhood ofr,(x). We need to check that, containsr,(X;) for i larger than som#l.
This follows from the fact thal = [], Vg, whereV; = X; for g # @ andVg = U, is a
neighborhood ok and so containg; for i larger than somé.



Conversely suppose th@t,(x;)} converges ta,(x) for eacha. LetU be a basic neigh-
borhood ofx, so thatU =[], U, andU,, = X, except wherr = ay, k=1,2,...,K. Now
for eachay, {7, (Xi)} converges ta,, (X), so there is al, such thatr,, (x;) € U,, whenever
i > Ng. SetN =maxN¢ | k=1,2,...,K}. Then for alli > N, we havex; € U and so{x;}
converges to.

This is not true in the box topology. Take the space t®Rband letx; be the sequence
consisting of all zeros except a 1 at title position. Then eactr,(x;)} converges to 0 but
the neighborhood],,(-1/n,1/n) of (0,0, ...) contains none of the’s. O

Exercise 8 from Section 19, page 118

his a homeomorphism in both topologies. It is clear theta bijection with inverse of the
same form. Hence it iices to check that is continuous. We can choose bases for both
the box and product topologies to be

B ={Ilpez+Un | Uy =RorU = (a, b)}.

There is an extra condition thel, = R for all but finitely manyn for the product topology,
but that is not important here. To show tiheis continuous, it sfices to check that(B)
is open forB € 4. If f is any of the component functions lafthen - takes intervals (or
R) to intervals (oR), soh~1(B) is actually inZ. Henceh is continuous. ]



