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Exercise 4 from Section 18, page 111
We check thatf is an imbedding; the argument forg is similar. f is clearly a bijection
betweenX and f (X) = X × y0, so we need only show that it and its inverse are continuous.
It follows from the definition of the subspace topology that the open sets ofX × y0 are of
the formU × y0 whereU is open inX. Since f (U) = U × y0, it is immediate that bothf
and f −1 are continuous. �

Exercise 5 from Section 18, page 111
The mapf : [0,1] → [a,b] given by f (x) = a+ (b− a)x is clearly a homeomorphism that
restricts to a homeomorphism from (0,1) to (a,b). �

Exercise 6 from Section 18, page 111
Define f : R→ R by f (x) = 0 if x is rational andf (x) = x otherwise. We will show thatf
is continuous only at 0 by using the sequence criterion for continuity. If{ai} is any sequence
that converges to 0, then{ f (ai)} is obtained from{ai} by replacing the rationalai ’s by 0, so
it also converges to 0. Hencef is continuous at 0. Now supposex , 0. Pick a sequence
of rational numbers{ai} and a sequence of irrational numbers{bi} that both converge tox.
Then f (ai) = 0 for eachi, so{ f (ai)} converges to 0, whilef (bi) = bi, so{ f (bi)} converges
to x. Hencef cannot be continuous atx, whetherx is rational or not. �

Exercise 12 from Section 18, page 112

(a) F is symmetric inx andy, so it suffices to check that it is continuous inx with y fixed.
If y0 , 0, F(x× y0) = xy0/(x2+ y2

0) is clearly continuous.F(x× 0) is identically zero
and so is continuous too.

(b) g(x) = 1/2 if x , 0 andg(0) = 0 sog is not continuous at 0.

(c) Define a function∆ : R → R × R by ∆(x) = x× x. ∆ is continuous since each com-
ponent is. IfF were continuous, theng = F ◦ ∆ would be continuous, contradicting
part (b).

�

Exercise 6 from Section 19, page 118
Suppose thatx1, x2, . . . converges tox in the product topology. For a fixedα, let Uα be a
neighborhood ofπα(x). We need to check thatUα containsπα(xi) for i larger than someN.
This follows from the fact thatU =

∏
β Vβ, whereVβ = Xβ for β , α andVβ = Uα is a

neighborhood ofx and so containsxi for i larger than someN.
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Conversely suppose that{πα(xi)} converges toπα(x) for eachα. Let U be a basic neigh-
borhood ofx, so thatU =

∏
αUα andUα = Xα except whenα = αk, k = 1,2, . . . ,K. Now

for eachαk, {παk(xi)} converges toπαk(x), so there is anNk such thatπαk(xi) ∈ Uαk whenever
i > Nk. SetN = max{Nk | k = 1,2, . . . ,K}. Then for alli > N, we havexi ∈ U and so{xi}

converges tox.
This is not true in the box topology. Take the space to beRω and letxi be the sequence

consisting of all zeros except a 1 at theith position. Then each{πα(xi)} converges to 0 but
the neighborhood

∏
n(−1/n,1/n) of (0,0, . . . ) contains none of thexi ’s. �

Exercise 8 from Section 19, page 118
h is a homeomorphism in both topologies. It is clear thath is a bijection with inverse of the
same form. Hence it suffices to check thath is continuous. We can choose bases for both
the box and product topologies to be

B = {Πn∈Z+Un | Un = R or U = (a,b)} .

There is an extra condition thatUn = R for all but finitely manyn for the product topology,
but that is not important here. To show thath is continuous, it suffices to check thath−1(B)
is open forB ∈ B. If f is any of the component functions ofh, then f −1 takes intervals (or
R) to intervals (orR), soh−1(B) is actually inB. Henceh is continuous. �
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