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Exercise 2 from Section 17, page 100

Using Theorem 17.2Ais closed inY implies that it is the intersection of and a closed
subseC of X: A=CnNY. SinceY is given to be closed iiX, A is the intersection of two
closed sets iX, and hence is closed X. m]

Exercise 6 from Section 17, page 101 o
(a) Bis a closed set that contaiBs so it containsA as well. HenceéA c B.

(b) AU Bis closed, being the finite union of closed sets, and contains, so it must
contain the closuréd U B as well. The other inclusion is a special case of (c).

(c) For eachy, A, c UA., SOA, C U A,. ConsequentlyJ A, C UA.. An example
where equality fails is given b\, = [1/n,1], n € Z, in R. EachA, is closed, so

UAn U A, = (0,1]. However,J A, = (0,1] =[O0, 1].

Exercise 7 from Section 17, page 101

The given “proof” fails because, while every neighborhabdf x must intersect soma,,
each such neighborhood may intersectféedentA,,, leavingx in the closure of none. For
an example that illustrates this, consider the collecfigs: {1/n}, n € Z, of subsets oR.
Their union has the single limit point O, and every neighborhood of 0 intersects Agme
but not always the samé,. O

Exercise 8 from Section 17, page 101
(a) As in 6(b) aboveA N Bis a closed set containingn B, so must contain its closure
An B. The other inclusion fails though: take= (0,1) andB = (-1,0). An B = 2,
SOANB =2, whileAnB = {0}.

(b) The inclusion A, € N A, follows via an obvious generalization of part (a), while
the other inclusion fails since it already failed for the special case of two sets.

(c) Again, we don’t have equality: taki = [0,1] andB = (0,1), SOA- B = {0,1} =
{0,1} while A- B = @. We do, however, havA — B ¢ A— B. First note thatA =
(A-B)U(ANB), so, by6(b)aboveA A-BUANB. Slmllarly,B B- AUANB.
HenceA N B is a subset of bottA andB, and s)oA- B = (A—BUANB) - B =
A= B- B. The result follows immediately.




Exercise 9 from Section 17, page 101 _ _

A x Bis a closed set (since its complement is the open et [) x Y] U [X x (Y = B)])

that containsA x B, §om c A x B. For the reverse inclusion, suppose y € A x B.

Thenx € Aandy € B, soifU x V is a basic open set (using the usual basiserY) that
containsx x y, thenU intersectsA andV intersectB. ThusU x V intersectsA x B and we
havex xy e Ax B. O

Exercise 13 from Section 17, page 101
SupposeX is Hausdoff. We will show thatA is closed, or, rather, that x X — A is open.
If xxye XxX-=A,thenx #y, so there exists disjoint neighborhoddsandV of x and
y respectively. Thu®) x V is a neighborhood ok x y that does not intersed, that is,
UxVcXxX-A. HenceX x X — A is open.

Conversely, supposkis closed, sX x X — Ais open. Giverkx £y, XXy € X X X — A,
so there is a basic open d&tx V such thatxxy e U xV ¢ X x X - A. U andV are the
required disjoint neighborhoods gfandy respectively, s is Hausdoft. O

Exercise 19 from Section 17, page 102

(@) If x € IntA, then IntA is a neighborhood ok that does not intersect — A, so
X ¢ X — A. Therefore INnAN BdA = @.

BdA c A by definition, and InA c A c A, so IntAU BdA c A. For the other
inclusion, suppose& € A. If some neighborhootl of x does not intersecX — A,
thenx € U c A, sox € IntA; otherwise every neighborhood rfintersectsX — A,
sox € X— A, and consequently € BdA. Thusx € Aimpliesx € IntAu BdA, or
AcIntAUBdA.

(b) This follows directly from (a) sincé is both open and closed if and onlyﬁf: A=
Int A.

(c) If Uisopen, InU = U, and (a) givedJ = U u BdU. Since this is a disjoint union,
we have BdJ = U — U. Conversely, suppose Bii=U — U. ThenU = BdU U U,
and the union is disjoint. Thus we have BdU IntU = BdU U U with both unions
being disjoint, sdJ = IntU andU is open.

(d) Tempting as this result might be, it is not true. Consider [0, 1] as a subspace of
RandU = (0,1). ThenU is openinX, andU = X, so IntU = X # U. Itis, however,
true thatU c IntU sinceU is an open subset &f.

Exercise 2 from Section 18, page 111

There is no reason whf/(x) should be a limit point off (A). For example, iff : R - R
is a constant function, antl = R, thenf(A) has no limit point while every point is a limit
point of A. O



