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Exercise 2 from Section 17, page 100
Using Theorem 17.2,A is closed inY implies that it is the intersection ofY and a closed
subsetC of X: A = C ∩ Y. SinceY is given to be closed inX, A is the intersection of two
closed sets inX, and hence is closed inX. �

Exercise 6 from Section 17, page 101
(a) B̄ is a closed set that containsB, so it containsA as well. HenceĀ ⊂ B̄.

(b) Ā∪ B̄ is closed, being the finite union of closed sets, and containsA∪ B, so it must
contain the closureA∪ B as well. The other inclusion is a special case of (c).

(c) For eachα, Aα ⊂
⋃

Aα, so Āα ⊂
⋃

Aα. Consequently,
⋃

Āα ⊂
⋃

Aα. An example
where equality fails is given byAn = [1/n,1], n ∈ Z+ in R. EachAn is closed, so⋃

Ān =
⋃

An = (0,1]. However,
⋃

An = (0,1] = [0,1].

�

Exercise 7 from Section 17, page 101
The given “proof” fails because, while every neighborhoodU of x must intersect someAα,
each such neighborhood may intersect a differentAα, leavingx in the closure of none. For
an example that illustrates this, consider the collectionAn = {1/n}, n ∈ Z+ of subsets ofR.
Their union has the single limit point 0, and every neighborhood of 0 intersects someAn,
but not always the sameAn. �

Exercise 8 from Section 17, page 101
(a) As in 6(b) above,̄A∩ B̄ is a closed set containingA∩ B, so must contain its closure

A∩ B. The other inclusion fails though: takeA = (0,1) andB = (−1,0). A∩ B = ∅,
soA∩ B = ∅, while Ā∩ B̄ = {0}.

(b) The inclusion
⋂

Aα ⊂
⋂

Āα follows via an obvious generalization of part (a), while
the other inclusion fails since it already failed for the special case of two sets.

(c) Again, we don’t have equality: takeA = [0,1] andB = (0,1), soA− B = {0,1} =
{0,1} while Ā − B̄ = ∅. We do, however, havēA − B̄ ⊂ A− B. First note thatA =
(A−B)∪(A∩B), so, by 6(b) above,̄A = A− B∪A∩ B. Similarly, B̄ = B− A∪A∩ B.
HenceA∩ B is a subset of both̄A and B̄, and soĀ − B̄ = (A− B ∪ A∩ B) − B̄ =
A− B− B̄. The result follows immediately.

�
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Exercise 9 from Section 17, page 101
Ā× B̄ is a closed set (since its complement is the open set [(X − Ā) × Y] ∪ [X × (Y − B̄)])
that containsA× B, soA× B ⊂ Ā× B̄. For the reverse inclusion, supposex × y ∈ Ā× B̄.
Thenx ∈ Ā andy ∈ B̄, so if U × V is a basic open set (using the usual basis forX × Y) that
containsx× y, thenU intersectsA andV intersectsB. ThusU ×V intersectsA× B and we
havex× y ∈ A× B. �

Exercise 13 from Section 17, page 101
SupposeX is Hausdorff. We will show that∆ is closed, or, rather, thatX × X − ∆ is open.
If x× y ∈ X × X − ∆, thenx , y, so there exists disjoint neighborhoodsU andV of x and
y respectively. ThusU × V is a neighborhood ofx × y that does not intersect∆, that is,
U × V ⊂ X × X − ∆. HenceX × X − ∆ is open.

Conversely, suppose∆ is closed, soX× X−∆ is open. Givenx , y, x× y ∈ X× X−∆,
so there is a basic open setU × V such thatx× y ∈ U × V ⊂ X × X − ∆. U andV are the
required disjoint neighborhoods ofx andy respectively, soX is Hausdorff. �

Exercise 19 from Section 17, page 102

(a) If x ∈ Int A, then IntA is a neighborhood ofx that does not intersectX − A, so
x < X − A. Therefore IntA∩ BdA = ∅.

BdA ⊂ Ā by definition, and IntA ⊂ A ⊂ Ā, so IntA ∪ BdA ⊂ Ā. For the other
inclusion, supposex ∈ Ā. If some neighborhoodU of x does not intersectX − A,
thenx ∈ U ⊂ A, so x ∈ Int A; otherwise every neighborhood ofx intersectsX − A,
so x ∈ X − A, and consequentlyx ∈ BdA. Thusx ∈ Ā implies x ∈ Int A∪ BdA, or
Ā ⊂ Int A∪ BdA.

(b) This follows directly from (a) sinceA is both open and closed if and only if̄A = A =
Int A.

(c) If U is open, IntU = U, and (a) givesŪ = U ∪ BdU. Since this is a disjoint union,
we have BdU = Ū − U. Conversely, suppose BdU = Ū − U. ThenŪ = BdU ∪ U,
and the union is disjoint. Thus we have BdU ∪ Int U = BdU ∪ U with both unions
being disjoint, soU = Int U andU is open.

(d) Tempting as this result might be, it is not true. ConsiderX = [0,1] as a subspace of
R andU = (0,1). ThenU is open inX, andŪ = X, so IntŪ = X , U. It is, however,
true thatU ⊂ Int Ū sinceU is an open subset of̄U.

�

Exercise 2 from Section 18, page 111
There is no reason whyf (x) should be a limit point off (A). For example, iff : R → R
is a constant function, andA = R, then f (A) has no limit point while every point is a limit
point of A. �

2


