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Exercise 1 from Sections 12& 13, page 83
We will show thatA is open by exhibiting it as a union of open sets. For eachx ∈ A, let Ux

be the open set containingx such thatUx ⊂ A. It is easy to see thatA =
⋃

x∈A Ux, soA is
open. �
Exercise 4 from Sections 12& 13, page 83

(a) LetT =
⋂

Tα. To show thatT is a topology, we have to verify thatT satisfies the
three properties in the definition of a topology:

(1) Are∅ andX in T ? Yes, because∅ andX are inTα for eachα.

(2) Let {Uβ} be a collection of open sets inT . SinceT is the intersection of the
topologiesTα, {Uβ} is a collection of open sets inTα for eachα. Hence their
union

⋃
Uβ is in Tα for eachα, and so

⋃
Uβ ∈ T .

(3) Starting with a finite collection of open sets inT , the argument is as in (2)
above.

This proof works for the intersection
⋂

Tα because subsets in the intersection are
open in eachTα. For the union of even two topologies, sayT1 andT2, we can have
subsetsU1 ∈ T1 andU2 ∈ T2 such thatU1 ∪ U2 is in neitherT1 nor T2. A simple
example is furnished by the topologiesT1 = {∅,X, {b}} andT2 = {∅,X, {a}, {b, c}}
on the three point setX = {a,b, c}. TakingU1 = {b} andU2 = {a}, their union{a,b}
is not in either ofT1 or T2.

(c) LetT be the topology onX generated by the subbasisT1 ∪ T2. It is easily checked
thatT is the smallest topology containing bothT1 andT2. In this particular case,

T1 ∪T2 = {∅,X, {a}, {a,b}, {b, c}}

and the only other subset that can be generated by taking unions of finite intersections
is {b}. Hence the smallest topology containing bothT1 andT2 is

{∅,X, {a}, {b}, {a,b}, {b, c}}

The largest topology contained in bothT1 andT2 is clearly their intersection, so it is

T1 ∩T2 = {∅,X, {a}}

in this case.
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Exercise 8 from Sections 12& 13, page 83

(a) LetU be an open set inR andx an element inU. By the definition of the standard
topology onR, there arereal numbersr, ssuch thatx ∈ (r, s) ⊂ U. Since the rationals
are dense inR, we can find rational numbersa,b in (r, x) and (x, s), respectively. This
givesx ∈ (a,b) ⊂ U. In other words, givenU open inR andx ∈ U, we can find an
(a,b) ∈ B such thatx ∈ (a,b) ⊂ U. Hence, by Lemma 13.2,B is a basis for the
standard topology onR.

(b) Given x ∈ R, there are certainly rational numbersa,b such thata < x < b, so
x ∈ [a,b). ThusC satisfies condition (1) for a basis. For condition (2), simply note
that the intersection of two intervals of the form [a,b) is either empty or another
interval of the same form. HenceC is a basis for a topology onR; call this topology
T .

Each element ofC is open in the lower limit topology, soT is contained in the lower
limit topology. To see that they are different, consider the open set [r, s) in R`, where
r is irrational. If [r, s) were open inT , then, sinceC is a basis forT andr ∈ [ r, s),
there must bea,b ∈ Q such thatr ∈ [a,b) ⊂ [ r, s). This is clearly impossible for
rationala, so [r, s) cannot be inT .
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