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Exercise 1 from Sections ¥213, page 83
We will show thatA is open by exhibiting it as a union of open sets. For eaehA, let U,
be the open set containingsuch thatJ, c A. It is easy to see that = | J,.a Ux, SOAS
open. O
Exercise 4 from Sections ¥213, page 83
(@) Let.7 = Z,. To show that7 is a topology, we have to verify thaf satisfies the
three properties in the definition of a topology:

(1) Areo andXin 7 ? Yes, because andX are in.7, for eacha.

(2) Let{Ug} be a collection of open sets iff. Since.7 is the intersection of the
topologies.7,, {Ug} is a collection of open sets ifr, for eache. Hence their
unionJ Uz is in 7, for eacha, and sd JUg € 7.

(3) Starting with a finite collection of open sets ifi, the argument is as in (2)
above.

This proof works for the intersectiof) .7, because subsets in the intersection are
open in eachy,. For the union of even two topologies, s&y and.7,, we can have
subsetsJ; € 73 andU, € .% such thatU; U U, is in neither.Z; nor 2. A simple
example is furnished by the topologieg = {@, X, {b}} and.7, = {@, X, {a}, {b, c}}

on the three point seX = {a, b, c}. TakingU; = {b} andU, = {a}, their union{a, b}

is not in either of7; or 2.

(c) Let.7 be the topology orX generated by the subbasig U .%. It is easily checked
that.7 is the smallest topology containing bofi and.%. In this particular case,

S1U P =10, X {a},{a,b},{b,c}}

and the only other subset that can be generated by taking unions of finite intersections
is {b}. Hence the smallest topology containing bothand.7; is

{@, X {a}, {b}, {a, b}, {b, c}}
The largest topology contained in both and.7 is clearly their intersection, so itis
TSN T ={2, X {a}l}

in this case.



O

Exercise 8 from Sections ¥213, page 83
(a) LetU be an open set iR andx an element irJ. By the definition of the standard

(b)

topology onR, there areeal numbers, ssuch thak € (r, s) c U. Since the rationals
are dense i, we can find rational numbeasb in (r, X) and (X, s), respectively. This
givesx € (a,b) c U. In other words, givetJ open inR andx € U, we can find an
(a,b) € % such thatx € (a,b) c U. Hence, by Lemma 13.27% is a basis for the
standard topology OR.

Given x € R, there are certainly rational numbeagb such thata < x < b, so

X € [a,b). Thus¥ satisfies condition (1) for a basis. For condition (2), simply note
that the intersection of two intervals of the forma, p) is either empty or another
interval of the same form. Hené&g is a basis for a topology aR; call this topology

.

Each element o¥ is open in the lower limit topology, sg is contained in the lower
limit topology. To see that they areftirent, consider the open set$) in R,, where
r is irrational. If [r, s) were open in7, then, since&s’ is a basis for7 andr < [r, ),
there must be&, b € Q such that € [a,b) c [r,s). This is clearly impossible for
rationala, so [r, s) cannot be in7.



