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Exercise 4 from Section 3, page 28

(a) Reflexivity, symmetry and transitivity for∼ follow from the corresponding properties
for equality, so∼ is an equivalence relation. For instance, to check symmetry, we
proceed as (a0 ∼ a1)⇒ ( f (a0) = f (a1))⇒ ( f (a1) = f (a0))⇒ (a1 ∼ a0).

(b) Let A∗ = {[a] | a ∈ A} be the equivalence classes under∼. The mapf : A → B
induces a mapf ∗ : A∗ → B given by f ∗([a]) = f (a). We will check thatf ∗ is a
bijection.

Given b ∈ B, there is ana ∈ A such thatf (a) = b since f is surjective. Hence
f ∗([a]) = b and sof ∗ is surjective. For injectivity, supposef ∗([a0]) = f ∗([a1]). By
the definition of f ∗ we get f (a0) = f (a1), or a0 ∼ a1. Hence [a0] = [a1] and f ∗ is
injective.

�
Exercise 5 from Section 3, page 28

(a) Again we have to check the three conditions for an equivalence relation. For reflex-
ivity, note thatx− x = 0, so (x, x) ∈ S′. If y− x is an integer, thenx− y = −(y− x)
is too, and symmetry follows. Finally, ify − x and z − y are integers, then so is
z− x = (z− y) + (y− x). Hence (x, z) ∈ S′ and we have transitivity.

If ( x, y) ∈ S, theny = x+ 1, ory− x = 1, an integer. Hence (x, y) ∈ S′. This shows
thatS′ ⊃ S.

Given x ∈ R, the equivalence class [x] consists of ally ∈ R such thaty − x ∈ Z. In
other words,y is of the formx+ n wheren ∈ Z. Denoting the set{x+ n | n ∈ Z} by
x+ Z, we have [x] = x+ Z. Furthermore, given anyx ∈ R, there is anx′ ∈ [0,1) and
an integern such thatx = x′ + n. Hence [x] = [x′] for somex′ ∈ [0,1). Also, no two
distinct elements of [0,1) areS′-related, soR/S′ = {x+ Z | x ∈ [0,1)}.

�
Exercise 5 from Section 5, page 39
Before looking at the specific subsets in this problem, let us consider an arbitrary subset
A = {x | x satisfies some conditionP}. SupposeP does not mix the indices, i.e. it is of
the form “for all i, xi satisfies some conditionC(i) that depends only oni”. This means
that theith coordinatexi can only take values from the subsetsAi of R given byAi = {x |
x satisfiesC(i)}. HenceA is simply the product of the subsetsAi. With this in mind, we see
that subsets in (a), (b) and (c) can be expressed as products of subsets ofR, namely:

(a) {x | xi is an integer for alli} =
∏

i∈Z+ Ai whereAi = Z for all i.
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(b) {x | xi ≥ i for all i} =
∏

i∈Z+ Ai whereAi = [ i,∞) for all i.

(c) {x | xi is an integer for alli ≥ 100} =
∏

i∈Z+ Ai where

Ai =

R if 1 ≤ i < 100

Z if i ≥ 100.

On the other hand, ifP does mix the indices, then it is in general not possible to write
A as a product of subsets ofR.

(d) Let B = {x | x2 = x3}. We will show thatB cannot be a product of subsets ofR by
assuming that it is and arriving at a contradiction. SupposeB is a product

∏
i∈Z+ Bi of

subsetsBi of R. First note that elements ofB are of the form (x1, x2, x3 = x2, x4, . . . ),
andBi must contain all values thatxi can take. Since there are no restrictions on what
valuesxi, i , 3 can take, we must haveBi = R for i , 3. Also, x3, being a mirror
of x2, can be any real number, soB3 = R too. This implies thatB = Rω, which is a
contradiction since (0,0,1,0,0, . . . ) is clearly not inB.

�
Exercise 4 from Section 7, page 51

(a) LetPn be the set of monic polynomials of degreen. Then there is a bijection between
Pn andQn given by

xn + an−1xn−1 + · · · + a1x+ a0↔ (an−1,an−2, . . . ,a0).

ThusPn is countable. Since each polynomial has only finitely many roots, the set of
real numbers that satisfy a monic polynomial of degreen (call it An) is countable.
Finally, the set of algebraic numbersA is the countable unionA =

⋃∞
n=1An and so is

countable.

(b) If T denotes the transcendental numbers, thenR = A ∪ T. HenceT is uncountable,
leastR be countable.

�
Exercise 5 from Section 7, page 51

(a) The setA of all functions f : {0,1} → Z+ is just the Cartesian productZ+ × Z+, so it
is countable.

(b) Similarly, the setBn of all functions f : {1, . . . ,n} → Z+ is the Cartesian product
Z+ × · · · × Z+︸          ︷︷          ︸

n copies

. HenceBn is also countable.

(c) C =
⋃

n∈Z+ Bn is a countable union of countable sets, so is countable.

(d) The setD of all functions f : Z+ → Z+ is uncountable. The proof is essentially
the same as that for Theorem 7.7 in the textbook; we just need to choose a different
y = (y1, y2, . . . , yn, . . . ), sayyn = xnn+ 1.
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(e) The setE of all functions f : Z+ → {0,1} is the same as{0,1}ω from Theorem 7.7.
Thus it is uncountable.

�
Exercise 6 from Section 7, page 51

(a) SupposeB ⊂ A and there is a injective functionf : A→ B. We want to construct a
bijectionh : A→ B. Following the hint, we defineA1 = A, B1 = B andAn = f (An−1),
Bn = f (Bn−1) for n > 1. ThenA1 ⊃ B1 ⊃ A2 ⊃ B2 ⊃ · · · . Define, in addition, the
following sets:

Rn = An − Bn; R=
∞⋃

n=1

Rn,R
′ =

∞⋃
n=2

Rn and Sn = Bn − An+1; S =
∞⋃

n=1

Sn.

Note thatRandS are disjoint,A = R∪ S andB = R′ ∪ S.

The functionh : A→ B given by the rule

h(x) =

 f (x) if x ∈ An − Bn for somen,

x otherwise

is simply the union of the two functionsf |R : R→ R′ andidS : S→ S, where f |R is
the restriction off to R andidS is the identity function onS. Thush is a bijection if
and only if f |R andidS are. idS, being the identity onS, is certainly bijective, so we
need only considerf |R.

Since f is injective, so is its restrictionf |R. To show surjectivity, let us examine what
f does to the (disjoint) setsRn that make upR. I claim that f (Rn) = Rn+1. R′ is justR
sansR1, so this claim implies the surjectivity off |R.

Now to prove the claim. Supposex ∈ Rn. Then x is in An but not in Bn. Thus
f (x) ∈ An+1. Is f (x) in Bn+1? No, becausef is injective andx is not in Bn. This
shows thatf (Rn) ⊂ Rn+1. If y ∈ Rn+1, theny ∈ An+1 but y < Bn+1. This means there is
anx ∈ An such thatf (x) = y. Canx be inBn? No, for if it does, theny = f (x) ∈ Bn+1.
Hencex ∈ An − Bn, that is,x ∈ Rn.

(b) Suppose we are given injectionsf : A→ C andg : C → A. First note thatf : A→
f (A) is a bijection, soA and f (A) have the same cardinality. Now the relation “have
the same cardinality” is clearly an equivalence relation, so it suffices to show that
f (A) andC have the same cardinality. This follows from part (a) asf ◦g : C→ f (A)
is a composition of two injections, and so is an injection.

�
Exercise 7 from Section 7, page 52
We will construct injectionsϕ : D → E andψ : E → D and use the Schroeder-Bernstein
Theorem to conclude thatD andE have the same cardinality.

ψ is easy: givenf ∈ E, that is, a function fromZ+ to {0,1}, defineψ( f ) to be the
function that assigns ton the valuef (n) + 1. Thenψ( f ) : Z+ → {1,2} ⊂ Z+. ψ is injective
becauseψ( f ) = ψ(g) implies f (n)+1 = g(n)+1 for all n, so f (n) = g(n) for all n, i.e. f = g.
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To constructϕ it will be more convenient to use the language of sequences. Recall that
a function f : Z+ → Z+ can be written as a sequence of positive integers. Similarly, a
functiong : Z+ → {0,1} is a sequence of 0’s and 1’s. In this perspective, what we need to
do is take a sequence of positive integers and produce a binary sequence, and ensure that
difference sequences of positive integers always give different binary sequences.

One way to do this can be found by examining how we usually write sequences. We
write the first element, a delimiter (usually a comma), then the next element, a delimiter,
and so on:a1,a2,a3, . . . . If we use 1 as the delimiter and the number of 0’s to represent the
elementsai, we have

ϕ((a1,a2,a3, . . . )) = (0, . . . ,0︸  ︷︷  ︸
a1 zeros

,1,0, . . . ,0︸  ︷︷  ︸
a2 zeros

,1,0, . . . ,0︸  ︷︷  ︸
a3 zeros

,1, . . . ).

To see thatϕ is injective, observe that givenϕ((a1,a2, . . . )), we can recover the numbers
ai: a1 is the number of 0’s before the first 1,a2 is the number of 0’s between the first and
second 1’s, and so on. Thus given any binary sequence, there is at most one element ofD
that gets mapped to it byϕ.

There are, of course, many other possible injective functionsϕ : D → E. Have fun
devising your own. �
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