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My research is in the general area of geometric group theory, with a particular emphasis on
mapping class groups of surfaces. The mapping class group Mod(S) of a closed oriented surface S
is the group of orientation-preserving homeomorphisms of S, up to isotopy, and is a fundamental
object of study in both group theory and in low-dimensional topology. Mapping class groups are
closely related to arithmetic groups and automorphism groups Aut(Fy,) of free groups, and are one
generalization of braid groups. Thus the study of the algebraic structure of Mod(S) has inspired
more general group theoretic results, and also benefits from efforts to extend ideas about related
groups to Mod(S). Mapping class groups are also prominent in 3- and 4-manifold topology, e.g., via
Heegaard splittings and Lefschetz fibrations. Moreover, Mod(.S) arises naturally as the fundamental
group of the moduli space of Riemann surfaces, thus making the group an object of importance
for both complex analysts and algebraic geometers (see [HL] for an excellent survey). Here are the
general goals of my research program:

(1) Understand the algebraic structure of Mod(S) and its various subgroups and thus under-
stand the relationship between Mod(S), arithmetic groups, and Aut(Fy), by comparing properties
such as linearity, actions on combinatorial models, automorphism and abstract commensurator
groups, homology groups, generating sets, and finiteness properties.

(2) Clarify the relationship of Mod(S) with 3-manifolds by studying subgroups of Mod(S) which
arise naturally from Heegaard splittings, that is, the result of gluing two handlebodies together along
a common boundary via an element of Mod(S) (every 3-manifold can be obtained in this way).

What follows is a more detailed discussion of several specific problems I work on, progress to date,
and plans for the future.

Linearity. Mapping class groups share many of the same properties as finitely generated linear
groups (for example, they satisfy a Tits alternative), but they also have much in common with
the group of outer automorphisms of a free group, Out(F,). Formanek and Procesi showed that
for n > 3, Aut(Fy,) is not linear, that is, it does not embed in GL(n, k) for any field k; it follows
that Out(F,) is not linear when n > 4 [FP]. They did this by showing that a certain kind of
HNN-extension which embeds in Aut(F,) is an obstruction to linearity. Lubotzky asked whether
these obstructions exist in mapping class groups. Hamidi-Tehrani and I gave a generalization of the
construction, which we call FP-groups. We answered Lubotzky’s question in the negative [BHT]:

Theorem 1 (Brendle, Hamidi-Tehrani) FP-groups do not embed in Mod(S).

The question of the linearity of Mod(S) remains open, with no good candidates for a faithful
representation, yet Theorem 1 says that the only available method for showing that a group is
not linear which seemed likely to apply to Mod(S) actually fails. For the moment, we are at an
impasse, but I remain interested in the representation theory of Mod(S).



Many of the problems I study involve the Torelli subgroup of Mod(S), which I will now
define. The mapping class group Mod(S) acts naturally on H = H;(S,Z) while preserving
the intersection form, giving rise to a surjective map known as the symplectic representation,
p : Mod(S) — Sp(2¢,Z) = Aut(H) [MKS]. The kernel of the symplectic representation is called
the Torelli group of the surface S, denoted Z = Z(S). Since the map p and its image Sp(2g, Z)
are well understood, one approach to understanding Mod(S) is to study the Torelli group. The
Torelli group has become increasingly important in low dimensional topology, e.g., through Lef-
schetz fibrations and in the construction of homology 3-spheres via Heegaard splittings, as well as
in algebraic geometry in work of Hain [Hai|, among others.

In order to study Z, we introduce the elements of Mod(S) known as Dehn twists. A Dehn twist
about a simple closed curve ¢ on S, denoted T, corresponds to cutting S along ¢, twisting a full
360 degrees to the right, and then regluing. In fact, Mod(S) is generated by finitely many Dehn
twists [De]. We now define a subgroup K < Z as follows:

K ={T, | c is a separating curve on S}

The group K, sometimes known as the Johnson kernel, is often used as a way to study Z, since
it turns out that Z/K is a finitely generated abelian group [Jo4]. Recently K has emerged as
interesting in its own right, especially in the study of homology 3-spheres. For example, while it is
clear that splitting S along a fixed Heegaard surface (i.e., an embedded surface which bounds a
handlebody on both sides) and regluing via any element of Z yields a homology 3-sphere, Morita
has shown that every homology 3-sphere may be obtained in this way using an element of X [Mol].
Further, Morita showed that the natural function from Z to Z obtained by computing the Casson
invariant of the homology 3-sphere obtained via this construction is in fact a homomorphism when
restricted to K (this is not true on 7).

It is known that 7 is finitely generated (for genus > 3) [Jo3] and that K is not finitely generated
[MM] [BiF]. It is not known whether Z is finitely presentable for g > 3. In fact, very little is
understood about the algebraic structure of X and 7.

Commensurations. Margalit and I studied the automorphism group of K. Further, the abstract
commensurator of a group I', denoted Comm(T"), is a generalization of the group of automorphisms
of I'. We define Comm(I") as the group of isomorphisms of finite index subgroups of I' (under
composition), modulo the relation that two such isomorphisms are equivalent if they agree on a
finite index subgroup of I. The product of ¢2¢1, where ¢1 : G1 — G| and ¢2 : G2 — GY, is defined
on ¢~ (G} N G3). We proved [BM]:

Theorem 2 (Brendle-Margalit) For S a surface of genus at least 4, we have
Comm(K) =2 Aut(K) = Mod(S)

Throughout the discussion of my work with Margalit, Mod(S) will denote the group of orientation-
reversing as well as orientation-preserving mapping classes. In general, the abstract commensurator
of an arithmetic group is much larger than its automorphism group, whereas Comm(Out(F,)) =
Aut(Out(F,)) = F, [FH], [BV]. In this respect, Mod(S) and its subgroups Z and K are more
closely related to Out(F,) than arithmetic groups. We remark that Ivanov proved the analog of

Theorem 2 for Mod(S) [Iv]; Farb and Ivanov did the same for Z [FI]. Theorem 2 follows from:



Theorem 3 (Brendle-Margalit) Let S be a surface of genus at least 4. If G is a finite index
subgroup of the Johnson kernel KC, then any injection ¢ : G — T is induced by an element f of
Mod(S) in the sense that ¢p(h) = fhf~! for all h € G.

We mention two corollaries of this work revealing basic algebraic structure of both Z and K.

Corollary 4 (Brendle-Margalit) If S is a surface of genus at least 4, then K is co-Hopfian (as
are all its finite index subgroups), that is, every injective endomorphism of K is an isomorphism.

Corollary 5 (Brendle-Margalit) With the same hypotheses, K is characteristic in Z.

We note that the co-Hopfian property is shared by lattices in semisimple Lie groups (arithmetic
groups in particular) [Pr], Out(F,) (a result implicit in [BV] and proved explicitly for finite index
subgroups of Out(Fy) in [FH]), and braid groups modulo their center [BeM].

Our methods, largely inspired by the work of Farb and Ivanov, actually recover their main
results, which are the analogs of Theorems 2 and 3 in the case of the Torelli group:

Theorem 6 (Farb-Ivanov) For a surface S of genus g > 4, we have:
Comm(7Z) = Aut(Z) = Mod(S)

Theorem 7 (Farb-Ivanov) Under the same hypotheses, T and all of its finite index subgroups
are co-Hopfian. Further, for G a finite index subgroup of T, any injection ¢ : G — T is induced by
an element f € Mod(S) in the sense that 1(h) = fhf~! for all h € G.

McCarthy and Vautaw have extended the second equality in Theorem 6 to the case g > 3 [MV].

Complexes of curves. Our strategy for proving Theorem 3 is to interpret algebraic statements
about K in terms of combinatorial topology. Complexes of curves on a surface can be viewed as
analogs for Mod(S) of buildings in the case of arithmetic groups, in the sense that they provide
a combinatorial model for the group under consideration. The curve complex of a surface S,
denoted C(S), has a vertex for every simple closed curve on S, with an edge joining two vertices
corresponding to disjoint curves. The separating curve complex Cs(S) is the subcomplex of C(S)
spanned by vertices corresponding to separating curves on S. The Torelli complex Z(S) is a slight
modification of the Torelli geometry of Farb and Ivanov (their Torelli geometry ZG(S) is Z(S) plus
a certain marking). The Torelli complex has a vertex corresponding to every separating curve and
to every bounding pair on S. Edges join vertices which can be realized by disjoint curves.

We also look more generally at superinjective simplicial maps (introduced in [Ir]). A simplicial
map 9 of C(S5),Cs(S), or Z(S) is superinjective if i(1(a),1 (b)) # 0 whenever i(a,b) = 0 (here we
mean the geometric intersection of the curves corresponding to vertices in the complex). We give
results for Cs(S) and Z(.S) analogous to two theorems of Ivanov [Iv] and of Irmak [Ir] for C(S).

Theorem 8 (Brendle-Margalit) For S a surface of genus at least 4, we have:
Aut(Z(S)) =2 Aut(Cs(S)) = Mod(S)

Theorem 9 (Brendle-Margalit) If S is a surface of genus at least 4, then every superinjective
map of Cs(S) is induced by an element of Mod(S). Further, every superinjective map of Z(S) is
induced by an element of Mod(S).

These results also generalize similar results of Farb and Ivanov for ZG(S) [FI]. We shall later discuss
some possible applications of our methods to study the Heegaard subgroup of Mod(S).



The Torelli generator problem. Johnson settled the fundamental question of finite generation
for Z by showing that approximately 229 elements generate 7 when the genus g of the surface S is
at least 3 [Jo3]. On the other hand, his computation of an abelian quotient of Z gave a lower bound
on the order of ¢g® for the number of generators required for Z [Jo2]. Johnson achieved his lower
bound in the case g = 3, [Jo3]. He conjectured that this bound was realizable in general [Jo6]:

In joint work with Benson Farb, we have an approach to proving Johnson’s conjecture which
has led to some surprising consequences along the way. Johnson’s generators were carefully aligned
with Humphries’ minimal set of (2g 4+ 1) twist generators for Mod(S). However, Dehn twists have
infinite order in Mod(S) which can present certain computational difficulties. Hence our first step
was to seek new generating sets for Mod(S) which would be computationally simpler. Luo recently
described how to generate Mod(S) with 12g + 6 involutions (i.e., orientation-preserving elements
of order 2) and posed the question of whether one could find a universal bound, independent of the
genus g, for the number of torsion elements necessary to generate Mod(S) [Lu]. Farb and I gave
an affirmative answer to this question.

Theorem 10 (Brendle-Farb) The mapping class group Mod(S) is generated by three elements
of finite order.

Two of the three elements can be taken to be involutions, while the third has order linear in the
genus of S. Korkmaz has since given a generating set for Mod(S) consisting of two torsion elements,
both of whose orders are linear in the genus of S [Kol].

Farb and I also found a second generating set whose order as a set is still universally bounded,
independent of genus, with the additional property that the order of each individual generator is
also bounded, independent of genus.

Theorem 11 (Brendle-Farb) The mapping class group Mod(S) is generated by 6 involutions.

We note that Kassabov has refined our methods to improve this to just 4 involutions when
the genus of S is at least 8 and to 5 involutions when the genus is 6 or 7. Indeed, Theorems 10
and 11 have already inspired several papers (see, e.g., [Ko3], [Kot], [St], [Sz]). With many various
generating sets for Mod(S) now at our disposal, we have developed a few different approaches to
proving this conjecture, including one which relies on a technique of factoring elements of the Torelli
group (a complete set of relations in Z is not known) based on work in my Ph.D. thesis [Br|. This
work is in progress at the time of this writing.

Connections with Coxeter groups. Coxeter groups are fundamental, well-understood objects
of group theory, and relating them to Mod(S) should bring new insights. We can apply Theorem 11
to give a new interpretation of Mod(S) as a quotient of a Coxeter group. A Cozeter group is given
by generators ;, for i = 1,...,n and defining relations 27 = 1 for alli = 1,...,n and (z;z;)™ = 1,
where m; ; € {2,3,4,...,00}. If m;; = oo, there is no relation between z; and z;. For example,
the symmetric group is a Coxeter group with transpositions as generators. Theorem 11 above has
the following implication, pointed out to us by Nathan Broaddus:

Corollary 12 (Brendle-Farb) Mapping class groups are quotients of Cozeter groups.

We note that one can obtain an Artin group, another generalization of a braid group, from a
Coxeter presentation by removing the condition that z7 = 1. Matsumoto and Labruére-Paris have
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recently given an explicit presentation of Mod(S) as the quotient of an Artin group. Broaddus and
I are working on writing an analogous presentation of Mod(S) as a quotient of a Coxeter group
using the involution generators.

Homology of the Torelli group and the Johnson kernel. The homology of Mod(S) is fairly
well understood at least in low degree cases, thanks largely to work of Harer [Hal], [Ha2]. In
contrast, the only known (co)homology group of 7 is its abelianization [Jo5]:

H((T,Z) = N°H @ B,

where H = Hy(S,Z) and B, denotes the Z/2Z-vector space consisting of Boolean (or square-
free) polynomials in 2g variables of degree at most r. No homology groups of K are known.
The calculation of the abelianization H1(K,Z) would be of particular interest. Further, since the
question of the finite presentation of Z remains open for genus at least 3, the group Hs(Z, Z) is also
important to know, since if it is not finitely generated, then this would imply that Z is not finitely
presentable. The techniques used in this area in the past 15 years have come mainly from rational
representation theory and algebraic geometry (see [Hai|, [Sa], e.g.). In particular, these techniques
yield little information about torsion and about the subgroup K in Z.

In ongoing work, Benson Farb and I are studying the Z/2Z-homology of K and of Z. We use
the Birman-Craggs-Johnson homomorphism o : T — Bs defined by Johnson [Jo2] using work of
Birman and Craggs [BC], who defined a family of surjections Z — Z/2Z arising from the Rochlin
invariant of spin 3-manifolds [BC]. The mapping class group Mod(S) acts naturally on both Z and
on Bs, and o is Mod(S)-equivariant. Further, o0(K) = B,. We remark that if one tries to duplicate
the algebraic-geometric techniques in this case, the modular representation theory questions which
arise are beyond the reach of the current theory in that field.

As a starting point, we looked at the induced map on homology, restricted to K in Z. Since
By as an abelian group is just a direct sum of copies of Z/27Z, it is easy to calculate its homology
groups, and thus we have:

oy : Hy(K,Z/2Z) — N?By ® By

We used the method of abelian cycles to give lower bounds on the rank of Ho(K,Z/2Z). Roughly
speaking, our main result says that we can hit most of the A2By summand of Hy(Bs,Z/2Z).

Theorem 13 (Brendle-Farb) The image of o. contains all but two Mod(S)-orbits of the sum-
mand N*(Bz) C Hy(Bg,Z/2Z).

It follows from our construction that all homology classes in Ho(K,Z/2Z) actually survive in
Hy(Z,Z/2Z). We obtain the following corollaries:

Corollary 14 (Brendle-Farb) The rank of Ho(K,Z/2Z) is at least a polynomial in the genus g
of S of degree 4.

Corollary 15 (Brendle-Farb) The rank of Ho(Z,Z/2Z) is at least a polynomial in the genus g
of S of degree 4.

Our method will work to give more classes in the full Torelli group, and we conjecture that we
can improve our lower bound to a polynomial in g of degree 6 in this case. We are also working
to understand the relationship between o and the homology classes we have detected with it and
previous work of Morita [Mol] on a “lifting” of the BCJ homomorphism corresponding to the lift
of the Rochlin invariant of 3-manifolds to the Casson invariant.



The Heegaard group. We now consider S as a fixed surface standardly embedded in S3. Then
S is a Heegaard surface, that is, S bounds a handlebody on both sides. The Heegaard subgroup
H of the mapping class group Mod(S) is the subgroup of Mod(S) consisting of elements which
extend to a homeomorphism of each of the two handlebodies. In 1933, Goeritz gave a finite set
of generators for H in the genus 2 case[Go]. Powell later proposed a certain finite set of elements
of H and gave a proof that they generate #H for higher genus [Pol]. However, his proof contains
a gap, as recently discovered by Scharlemann [Sch]. Powell’s proposed generating set remains,
in Scharlemann’s words, “a very plausible set [of generators]”. In ongoing joint work with Allen
Hatcher, we are pursuing two approaches to this problem.

First, we want to understand the Hilden subgroup A < H, which is defined as the group of
orientation-preserving homeomorphisms, up to isotopy, of the unit ball B in 3-space which leave
invariant a set of g unknotted, unlinked arcs, properly embedded in B. We can see the inclusion of
A in H by observing that (B — {arcs}) is a handlbody. Hilden gave a finite set of generators for A
[Hi], which Powell used as part of his proposed set of generators for .A. Hilden also described how
A embeds as a subgroup of the braid group on 2¢g strands. Hatcher and I are working on giving a
finite presentation for A.

The Hilden group A can alternatively be thought of as the fundamental group of the space A
of configurations of g disjoint smoothly and properly embedded arcs in upper-half space and which
are unknotted and unlinked. We consider the space W of configurations of ¢ disjoint semicircles
properly embedded in upper-half space of R3. Qur goal is to prove a more general result, namely,
that the inclusion map W < A is a homotopy equivalence. This statement implies that W is
actually a K(m,1)-space for the Hilden group .A. Hilden observed two different embeddings of
the braid group into A which can be interpreted as “braiding” semicircles. The relations in our
presentation for A all arise as the obvious ones coming from this braiding.

Curve complexes, revisited. A second approach to the finite generation question for 4, which
is also joint work with Dan Margalit, is inspired by Scharlemann’s new proof of Goeritz’s finite
generation result for # in genus 2 [Sch]. Scharlemann’s defines a complex of curves X, in which
vertices correspond to simple closed curves on S which bound a disk on both sides of S in $2 and
edges join vertices v, w representing curves with geometric intersection equal to 4. Scharlemann’s
complex is relatively easy to work with in the genus 2 case. However, there is no apparent reason
why Scharlemann’s approach should not work in higher genus, but the situation will certainly be
more complicated.

The key step in Margalit’s and my proof of Theorem 3 is to take a simplicial map of the
separating curve complex C(S) and obtain from it an automorphism of the entire curve complex
C(S). The key idea in this step is the notion of a sharing pair, that is, a pair of separating curves
bounding genus 1 subsurfaces whose intersection is an annulus whose core is a nonseparating curve.
A sharing pair of separating curves necessarily has geometric intersection number 4, and hence
sharing pairs correspond to edges of Scharlemann’s complex if the curves involved bound a disk on
either side of S. We developed a technique for studying sharing pairs using Harer’s arc complez,
defined on a surface with boundary (originally defined in [Ha2]), as reinterpreted by Hatcher [Hat].
Such techniques, as well as those for the various curve complexes involved in the results outlined
above will be of use in adapting Scharlemann’s proof to higher genus cases, or perhaps even in
modifying Scharlemann’s complex appropriately in order to deal with the higher genus cases.
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