SOLUTIONS TO MATH 223 FINAL EXAM, FALL 2005

(a) The Chain Rule for differentiable functions g : R* — R™ and f : R™ — RP?
states that fog: R"™ — RP is also differentiable, and that at each point x € R"™,

[D(f 0 g)(x)] = [Df(9(x))] e [Dg(x)].

(b) Writing x = (%), we have that h(i;) = g(z3+x3). To find the partial derivatives

2
of h, we compute using g and the chain rule:

X
Dih (xl) = Dig(a} +a3) = 2019/ (2] + 3)
2

xr
Dat(11) = Dagleh + 43) = 20/ 53+ )
2

The equation xeD1h(x) = x1Dsh(x) is now seen to be true by inspection.

(a) A k-dimensional manifold in R™ is a subset M of R™ such that, at each point

x € M, there is an open set U containing x with the property that M N U is
the graph of a C! function of k variables.
The Implicit Function Theorem can be used to prove that a set is a manifold in
the following way: suppose that f : R" — R" % is a C' function, and M C R"
is defined by M = f~!(0). Suppose, moreover, that at each point * € M,
the derivative map Df(z) : R® — R"* is onto. Then the Implicit Function
Theorem says precisely that at each point x € M, there is a neighborhood U of
and a function g : R¥ — R"~* such that the set U N M is the graph of g, where
the domain variables of g are the variables corresponding to the non-pivotal
columns of D f(x). Therefore M is a manifold, by the above definition.

(b) Define f : Matoxs — SMatayxs by

0 3
then U = f~1(0). The derivative of this map is
Df(A):H— AH" + HAT.

F(A) = AAT - [2 0];
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In coordinates this becomes

h h
{CLU 12 a13} hi; hz; _i_{hn hia h13} iz

a2 Q22
Q21 G22 (23 h h ho1 hay Do
13 123 aiz @23
— [ 2a11h11+2a12h12+2a13h13 a11h21+a21h11+a12h22+a22h12+a13h23+a23h13}
a11hoi1+ag1hii1+aizhoo+asaohio+aishes+asszhis 2a21h21+2a22h22+2a23ho3 :

We can write this as a map R® — R? (making use of the fact that the image of
f, hence of Df(A), lies in the space of symmetric matrices):

hll hll

Z” 2a11 2a13 2a13 0 0 0 Z”
h13 = | A21 22 23 a11 aiz ais h13
21 0 0 0 2a9 2as 2a93 2
h22 h22

has has

The first and third rows are clearly linearly independent when at least one
element of each row of A is non-zero; but this is necessary, because the equation

T _
AAT = 0 3
the length of the second row of A is 3. The second row is in the span of the
first and third rows iff the first and second rows of A are linearly dependent;

O} says, in particular, that the length of the first row of A is 2 and

but the equation AAT = [g g] also implies that the rows of A are orthogonal,

which means that they are linearly independent (because they are non-zero).
Therefore D f(A) is onto at every A € U, and U is a manifold.

(c) At Ay, the tangent space is the set of all H = CRNNCERNCGE such that
hor haz  has

11 o] | B hir hiz has bl
1o | R by | D
I his P 21 N has| | g 4

_ [ har — his + by — hay ho1 — haz + ha1 + hia + has
bt + hag + hag + har — hag hot + hag + hog + har + hag + Do

_ i 2h11 — 2hay har — haa + a1 + hig + Ay _ 100
o1 — hag + har + hag + hag 2h91 + 2hag + 2has 0 0]°

The (1,2) and (2,1) entries of this matrix are identical, so we ignore one of
them. This leaves us with the equations hiy = hog, hoy + hia + hiz3 = 0, and
ho1 + hoo 4+ hoz = 0. By the last two equations, his + hi3 = hos + hoz. Therefore
a basis for the tangent space Th,U is

1 10 0 -1 0 1 0 -1 1
~1 1 0| -1 0 1> 0 0 0]

from the equations hll = h22, hgl = —h22 — hgg, and h12 = h22 — h23 — h13.



3. (a)

(b)
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Let f : R® — R" be a C'! function and let ay € R"™. Suppose D f(ay) is invertible,
and set

a; = ag — [Df(ag)] " f(ao).
Suppose further that D f(x) satisfies a Lipschitz condition with Lipschitz con-
stant M on B,(a;), where r = |a; — ag| = |[Df(ao)] ' f(ag)], i-e.,

Df(x) — Df(y)| < Mlx—y| for all x, y € B,(ar).
Then Kantorovich’s Theorem says that the equation f(x) = 0 has a unique
solution in B,.(a;), provided that the following inequality is satisfied:

M [Df(@0)] P 1S o)l < 5

Moreover, Newton’s method starting at ay converges to this solution.

The derivative of p is 728 — 1. At ap = 2, this derivative becomes p'(2) =
7-20—1=17-64—1 = 447. Thus the first step of Newton’s method gives the
next guess as

1 2 896
N S, N ST o
“ AR A VT

Now we look for a Lipschitz constant on [2,2.01] (since 2/447 < 2/400 = .005,
this interval contains the ball we’re interested in). We have:

7% =1 = (7y® = 1) = 7|2" — ¢°|
= Tlo —y||l2* + 2ty + %y + 2%’ + 2y + o)
< 42|z — y||2.01)° <4233 - |z —y|.

Now we check the Kantorovich inequality:

1 422 2 1
42 2) < 2< — < -,
(42)(33) (4472> @=mm =g =3

Therefore Kantorovich’s Theorem implies that Newton’s method will converge
to a root in the interval (2,2.01).

[Note: We could have computed a Lipschitz constant for p’ by finding a bound
for the second derivative, instead of using the factorization of 2% — ¢5. In this

case, we even get the same constant. The second derivative of p is p”(z) = 42x°,
which on [2,2.01] is bounded by 42 - [2.01)° & 42 - 33.]



(a)

SOLUTIONS TO MATH 223 FINAL EXAM, FALL 2005

The fact that I is linear follows immediately from the properties of integrals:
1 1

f(p+Q)=/_ (p(ﬂ?)+Q(w))dx=/_1p(x)d$+/_1q(af)dfv=f(p)+f(Q)

(b)

(c)

1

I(ep) = / Cp) dr = ¢ / (@) dr = cI(p).

1 1

Let A be a k x n matrix, with rank . Then the Fundamental Theorem of
Linear Algebra states that

null(A) = (row(A))*
and  col(A) = (null(AT))*.
null(A) is the nullspace of A, with dimension n—1r. col(A) is the column space

of A, and row(A) is the row space of A (i.e., the column space of AT); these
both have dimension r. null(A ") therefore has dimension k — r.

Let bx € W. We compute directly:
! b L' b b

I(bx) :/ brdr = — 2
-1 215

and therefore W C ker I. It is not the full kernel of I, however: I maps from a
three-dimensional space to a one-dimensional space, so its kernel must have at
least dimension 2, by the rank-nullity formula. But W is only one-dimensional.




5.

2
Pf7x0
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(a) The partial derivatives of f are

x x x
Diflyl|l =y—1, Dof ly|l =x+1, and Dsfly | =2z
z z z
-1
These all vanish only at the point xo = | 1 |, and therefore this is the only
0

critical point of f. f is a quadratic polynomial, so its Taylor polynomial of
degree two at xq is

-1+ h, —1+h,
L+h, | =f| L+hy | =(=1+h)(1+hy) = (=1+hy)+ (1 +hy) + (h.)?
0+ h, 0+ h,

=—1+hy —hy+hshy+1—hy+1+h,+h>
=1+ hyh, + h2.
The quadratic terms yield the quadratic form

1
Z ((hﬂc + hy)2 - (hx - hy)2) + hg»

which has signature (2,1). Therefore xq is a saddle of f.
(b) F is our constraint function. Its Jacobian is
x
DF |y | =[2(z+1) 2(y—1) 22].

z

By the Lagrange multiplier theorem, a constrained critical point on S 5(x)
occurs at a point where

x x y—1=2X\z+1)
pily| =xpF(y], e, r+1=2\y—1)
< < 2z =2\z

The final equation says either A =1 or z = 0.
If z # 0, solving the other equations yields x = —1, y = 1. Then the constraint
-1
function F shows that z = +v/2. Thus 1 are constrained critical points
+1/2
of f.

If z = 0, then the first two equations imply that A = £1/2 or A = 0. But if
A =0, then y = 1 and # = —1, yielding the point x,, which is not on S ;(xq).
Therefore A = £1/2. In the case A = 1/2, we get y =  + 2, while if A\ = —1/2,
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0 -2 0
y = —x. Both of these lead to x = 0,—2. Thus [ 2], 01, |0], and
0 0 0
-2
2 | are also constrained critical points of f.
0

(c) We showed in part (a) that the only critical point in the interior of the ball is
at Xg, and that this point is a saddle; therefore it cannot be an extremum. We
compute f at the constrained critical points (on the surface of the ball) found

in (b):
—1
fr =3 f
+v2

—2
=2 f o =2

iy

O NN O

-
o o O

Therefore the maximum of f on B, 5(xo) is 3 and the minimum is 0.

a
6. The vector | b | is orthogonal to H. Hence the normalized vector
c

1
Va2 + b2+ 2 c

is a normal vector to H at every point. (v is well-defined because a, b, and ¢ are not
all zero.) Thus the Gauss map H — S? is the constant map x — v for all x € H.
The derivative of this map is the zero map at every point, which has determinant
zero. Therefore the Gaussian curvature of H is 0 everywhere.

VvV =



