
MATH 1340 Mathematics and Politics
Spring 2017 Practice Exam #1
INSTRUCTIONS

• You have 75 minutes. If you finish within the last 15 minutes of class, please remain seated so as not to disturb
your classmates.

• The exam is closed book, closed notes, no calculators/computers/etc., but you may bring a one-page “cheat
sheet” (you can use both sides). If you use such a sheet, write your name on it and turn it in with your exam.
You are free to apply any result that we covered in class, on the homeworks, or in Chapters 1–3 of the textbook,
unless the problem explicitly tells you to use a certain approach.

• Mark your answers ON THE EXAM ITSELF. If you are not sure of your answer, you may wish to provide a
brief explanation so that we can at least know what you are trying to do. All short answer sections can be
successfully answered in a few sentences at most. For full credit, be sure to show your work and justify your
steps. Little credit will be given for correct answers without justification.

• Questions are not given in order of difficulty. Make sure to look ahead if stuck on a particular question.
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1. (25 points) Properties of Voting Systems

Assume that we have two alternatives A and B, and that there are 11 voters (each with one ballot). Let q be
an integer such that 6 ≤ q ≤ 12. For each q, define the following social choice procedure: the result is a tie
(i.e. a and b are both winners) unless one of them has q or more votes (i.e. is the first preference on q or more
ballots), in which case only that one is declared a winner.

Such social choice procedures with two alternatives are called quota systems. They are technically social choice
procedures, and so are not weighted yes–no voting systems. (Remember, yes–no voting systems are about
approving a motion or not; a quota system does something very similar, but for electing a candidate, rather
than approving a motion.)

(a) When q = 6, we get a familiar social choice procedure. What is it? Briefly explain why.

(b) At the other extreme, describe the social choice procedure we get when q = 12.

(c) True or False (circle one): “The quota system for q = 9 satisfies the Condorcet Winner Condition (CWC).”
Briefly explain why.

(d) True or False (circle one): “The quota system with q = 7 satisfies the Pareto condition.” Briefly explain
why.

(e) True or False (circle one): “The above quota systems (with q = 6, 7, . . . , 12) are all anonymous.” Briefly
explain why. (Recall that a social choice procedure is anonymous if it treats all the voters the same (i.e.,
if we interchange the ballots of any two voters, the outcome does not change.)

(f) True or False (circle one): “The above quota systems (with q = 6, 7, . . . , 12) are all neutral.” Briefly
explain why. (Recall that a social choice procedure is neutral if it treats all the alternatives the same (i.e.,
if we interchange the two alternatives on every ballot, then the outcome is reversed.).

(g) True or False (circle one): The above quota systems (with q = 6, 7, . . . , 12) are all monotone.” Briefly
explain why. (Recall that a social choice procedure is monotone if the following condition holds: if A is a
winner and some voters who preferred B over A change their preference to A over B, then A remains a
winner.

Solution. (a) When q = 6, we get majority rule.

(b) When q = 12, we always get a tie (both are winners), because nobody can get 12 votes because there are
only 11 voters.

(c) False. If 6 votes for A and 5 for B, then A is the Condorcet winner but the q = 9 system would declare
both as winners.

(d) True. Suppose everybody prefers A to B then A has 11 votes and B has 0 votes. With q = 7, A is the
winner and B is not, so Pareto is satisfied.

(e) True. Only the number of votes count.

(f) True. If A and B are interchanged on every ballot, then whatever happened to A will happen to B and
vice versa, because only the number of votes for each count.

(g) If A is a winner and B is not and ballots are changed in favor of A, then its number of votes go up, so still
stays a winner. If there is a tie (q = 12) and we make a change, both stay a winner. Thus, in any case of q, we
have monotonicity.
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2. (25 points) Weighted Voting Systems Consider the following weighted voting system:

A :10

B :8

C :5

D :4

E :2

There are a total of 29 votes. The quota is set at 19, that is, the total weight of a coalition should meet or
exceed 19 in order for it to be winning.

Two or more voters are said to vote in a block if they pool together their votes, agreeing to vote the same way.

For parts (a) and (b), there is no need to justify your answers.

(a) Circle the pivotal voter in each of the following orderings of the voters:

• E,B,D,C,A

• E,B,C,A,D

• A,B,E,D,C

(b) In each of the following winning coalitions, circle all voters whose defection is critical, or state that no
voter is critical:

• {A,B,D,E}
• {A,B,C}
• {A,B,C,D,E}
• {B,C,D,E}

Solution. (a) C; A; E.

(b) A,B; A,B,C; no critical voters; B, C, D, E;
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Suppose that voters C,D,E decide to vote in a block, creating a voting block X which effective has 3
voters. This creates the voting system:

A :10

B :8

X :11

The quota remains at 19.

(c) Calculate the Shapley–Shubik index of A, B, and X.

(d) Calculate the Banzhaf index of A,B, and X.

Solution. (c) SSI(A) = 1/6, SSI(B) = 1/6, SSI(X) = 2/3. (Note: I’m not including the necessary calculations
here that would be required for full credit on (c) and (d).)

(d) BI(X) = 3/5, BI(A) = 1/5, BI(B) = 1/5.
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3. (25 points) Quotas and Properties of Weighted Voting Systems

Consider a weighted voting system with three players having weights 10, 5, and 2, and the quota q (assumed
to be an integer, i.e., a whole number).

Recall that a dictator is a member that is part of every winning coalition and is not a member of any losing
ones.

(a) List all possible values for q that will result in a dictator. Justify your answer.

(b) What is the smallest value for q that results in exactly one player with veto power, but no dictators?
Justify your answer.

(c) What is the smallest value for q that results in exactly two players with veto power? Justify your answer.

Solutions. (a) q = 8, 9, 10. For each of these quotas, the player with weight 10 is a member of all winning
coalitions and none of the losing ones, and so is the dictator.

(b) q = 11. The player with weight 10 is in all winning coalitions and hence is has veto power, but also forms
a losing coalition when by itself, so it is not a dictator. None of the other two are in all winning coalitions, so
the player with weight 10 is the only one with veto power. No smaller q would have worked (see part (a), for
example), as we can check.

(c) q = 13. Both the 10 and the 5 are required for winning, so they both have veto power. The 2 is not so it
does not have veto power. No q less than 13 would have worked beacuse we can try all the smaller ones (e.g.
12 = 10 + 2, etc).
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4. (25 points) Shapley–Shubik index

(a) (10 points) Give an example of a weighted voting system with four players A, B, C, D with the Shapley–
Shubik index of A equal to 3/4.

(b) (10 points) Show that in any weighted voting system with four players, a player cannot have a Shapley–
Shubik index of more than 3/4, unless the player is a dictator.

Solution. (a) There are 4! = 24 orderings and A needs to be pivotal in exactly 18 of them to have 18
24 = 3

4 .

There are 6 orderings in which A is in first place, 6 orderings in which it is in second place, etc. Since this is
a weighted, and thus monotone system, A should not be pivotal in the six where it is first, and needs to be
pivotal in all others. Thus, the following weighted example would work

[4 : 3, 1, 1, 1].

There are 6 orderings of type (3,1,1,1) in which A is not pivotal, and 6 orderings each of type (1,3,1,1), (1,1,3,1),
and (1,1,1,3), all of which have A being pivotal.

Hence, for this system, SSI(A) = 18
24 = 3

4 .

(b) Suppose that SSI(A) > 3
4 . Then in 19 or more orderings, A must be pivotal. In particular, there must

be an ordering in which A is pivotal and in the first position and an ordering in which A is pivotal and in the
fourth and last position. Thus, we must have

wt(A) ≥ q and wt(B) + wt(C) + wt(D) < q.

Thus, A itself is a wining coalition, and thus, there is no winning coalition without A. In other words, A is a
dictator.
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