9. Prove the following identities, in which m denotes an arbitrary posi-
tive integer:

m o . m e :
oS M2 = cos”'z——( 2) cos™ 2z sin®z + (4)008"' 4z sinte—...

(the last term of the right side is (—1)™2gin™z or (— 1)) cosz sin™ 'z,
depending on whether m is an even or odd number);

. 1 m s .
sinmz =m cos”™ 1zmnz——(:})cos"‘ 3sin®z+...

(the last term of the right side is (—1)("" 2)2 1 cosz sin™ 1z or (—1)(" ) sin™z,
depending on whether m is an even or odd number);

gm-10g™ =cosmz+(7:)cos(m——2)z+(n21')cos(m—4)z+...
he right si . 1 m m " .
(the last term of the right side 18 2\m/2 or (m—1)/2 cosz, depending on
whether m is an even or odd number);
the analogou® formula for sin™z: for even m,
N T — m —_— m —_ —_— _1\y™2 m
(2i)"sin™ 2 =2 cosm? 2(1)cos(m 2)z+2(2)cos(m 4)z— ...+ (—1) (m/2),

and for odd m,

(20)™ 'sin"z = sinmz — (?) sin(m —2)2 +

m\ . m
. . (m—l /2 - I
+(2)sm(m 4)z+...+(—1) ) ((m_])/2)81n~.
[Hint. Take, first,; # real in the identities
cosmz -1 sinmz= (cosz+isinz)", 9™ cos™z = (e +e )™,

which follow directly from formulae (8.2) and (8.3), expand the right sides by
Newton’s binomial theorem and equate the real and imaginary parts of both
sides. The generalization to complex values of z follows from the theorem
stating that a power series which vanishes for real values of the variable,

vanishes identically.]
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3. Show that the trigonometric expi'ession
2"sin" 0+ (1;) 27 1gin*"10 cos (0+ ;—c) +

+ (n) 2*~258in" 26 cos 2 (6 4 T—c) + (6 n)
9 .‘ 2 st cosni04- 3

is equal to (—1)**cosnf or (—1)("""sinnf, depending on whether n is an
even or odd number.

[Hint. Consider the expression {2sin0-+expi(6+m/2)}".]
4. Substituting w=sinz show that:

(a) cosmz=0F,(w), sinmz/cosz=G,(w), for every even positive integral
value of m,

(b) cosmz/cosz=DF,y(w), sinmz=G,(w), for every odd positive integral
value of m,

where F,(w) and G,(w) are polynomials in w of degree m, and G,(w) and F,(w)
are of degree m—1.
[Hint. Cf. exercise 2.]

5. Show that the roots of the polynomials F,(w), G;(w), F(w), and Gy(w),
exercise 4, are respectively:

1 s ] 1 sin 3n 1 & (m—1)xm
sin — » in—, ..., n —;
2m 2m 2m
. T . 2% . m—2 x
0, +s8in— ZLs8in—, .., LsiD————:;
m m 2 m
. = 4 sin 3r :tsin(m-—2)n
8in —» -_— saey —
+ 2m 2m . 2m
. T . 2n . m—1x
0, +sin—-> -4s8in—, s+ sl —m8—
m m 2
Derive from this the following formulae:
(a) for even m:
‘ 1 sin?z 1 sin?z 1 sin?z
osmz = | 1— — el —
oM . b3 .. 3 L (m—1)=n
8in? — gin?— sin? ———
2m 2m 2m
sinmz . sin3z gin?2 \
= meginz-| 1— 1— 5
COo82 1 .. 2r
gin? — sm’—)
m m

() for odd m:

cosmz 1 gin2z 1 gin?z gin®z
= - - con _—— ]
COB 2 L, T ., 9® . (m—=2)w
gin? — gin? — gin? ——
2m /. 2m 2m

5*
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) 8in®z sin?z sin?z
sinmz=msinz [ 1— 1— ol -
LT . . 2n .om—1r
sin?-— sin® — sin? ——
m m 2 m

6. Substituting z/m for z in formulae («) of exercise 5 and passing to the
limit as m—>+ oo, derive the following expansions of the cosine and the sine
in infinite products:

osz~(l @ )(1 il )(l ————zz )
O e/ U T Grzp/ U 2y

22 2% 22 )
sinz==2 l———) 1————) (1—-——)...
b 472 © 9l

The preceding products are uniformly convergent in every circle of finite
radius, i. e. almost uniformly in the entire plane (by the convergence of the
infinite product A" A, ...-A,-... we here mean the convergence of the sequence
of partial products P,=4,, P,=A,-4,, ..., P,=4,-4,-...-4,,...; a more
detailed discussion of the notion of limit of an infinite product will be given in
Chapter VII).




