Why is the Variance of the Sum of Two Independent
Random Variables the Sum of the Variances?

Imagine two such random variables X and Y.

X | probability
X b1
T2 P2
T, Pn

Y | probability
1 q1
Y2 q2

Ym qm

Since X and Y are independent random variables, the probability of X
taking on the value x; and Y the value y; is simply the product p;q;.

Below is the table describing the random variable X + Y. Some values
may appear more than once in the nm rows below, but this does not throw
off our formulae for the variance.

X +Y | probability
T1+ P11
1+ Y2 P12
Tn + Ym DPnGm

Now

Var(X +Y) = S pigi(zi +y; — px — py)”
= upiq; (v — px)? + Sipigi(y; — py)® + 25 pig; (v — px) (Y5 — py)
= (5j45) Var(X) + (Zipi) Var(Y) + 2 (Zipi(z: — px)) (3545 (y; — py))
1-Var(X)+1-Var(Y)+2-0-0
Var(X)+ Var(Y).



