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Differential Geometry Conventions

E’ has entry 1 in row 4, column j - 0 elsewhere; Ele;, = die;
where O] = E} — E.

(B, Bf] = 0/ B} + 6.5},
(02, 0% = —6,.08 + 3,405 + 6504 — 5,40

dw(X,Y) = —3[w(X),w(Y)] + Q(X,Y).

dwi = —wi Awk + QL.
dO(X,Y) = —3(w(X)0(Y) —w(Y)I(X)) + O(X,Y).

do' = —wi NG + O

dw = —3[w,w] + Q.

DQ =0, dQ2 = [Q,w].

dsy; :QLAwf—wZAﬂg?.

DO =QAN6.

T(X,Y)=u(20(X*,Y"), R(X,Y)Z = u(2Q(X*, Y*)u™12).
C{RX,Y)Z} =C{T(T(X,Y), Z)+ VxT(Y,Z)}.
C{(VxR)Y,Z)+ R(T(X,Y),Z)} =0.

Qi = S R0 N6

Local trivialization ¢, : 7~ 1(U,) — U, x G; Transition function

¢ﬁa = ¢ﬁ¢;l
wg = Ad(Yy5)wa + Bap Where b5 = U7 40.
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Left invariant Maurer-Cartan form 6 is s~'ds on Gi(n).

Pa _ i Oxd dxF 9z 9%z’ 9z
FB'Y - ij 0zP 0z Ozt + 0zPozTY dxt -

OpHt = DyHi + HITy, — HIT, .

R(X, X)X, = Riy X

Riy = Dyl — DTy, + TpT,, — DT,

2VyZ,X) = Y(X,Z) + Z(Y,X) — X(Y,Z) — (Y,[Z,X]) +
(2, X, Y]) + (X, [V, 2]).

gl = 2(Djgri + Digji — Drgji).

R(Ula Vg, U3, U4) - <R(/037 U4)U2, U1>-

_ R(v1,v2,v1,02) . _ymn
k= W’ S<v1’ UZ) - Ei:lR(€i7U17 €i, UZ)'
R(v1,v9,v3,v4) = R(vs3,v4,v1,03) = —R(vg, v1, 03, 0y).
s = X} aii &0 = indxj where Y = X1

- “1y, — vigxk o Tk Xl m
wh = s"'ds + Ad(s™Nw, = Y/ dX + I}, Xida™.

OV NG, 0% 0L NG2. .. 0F) = det(67 - 07).
(W AOD NG = 18 (oh )0, 0) if i) € A"(V}) and 6,0 €

T (r+9)!

AT(V) and Vi L V.
a A8 = k!{a, f)w where w = dvol and «, 3 € AF.

iy(a) = kC(Y @ a) = ka(Y,---) where a € A*. The map iy is
an anti-derivation.

sk = (—1)k(n=k),

§ = (=1)*=k+1w dx: (6o, B) = k{a, dB) where § : AF — AF-L.
Ly = (=1)FO=R+1 5 [ex

(k+1) () A, B) = (o, ix3) where v is dual to X and « € A*,
#(1 A xa) = (—=1)"*iya where a = 0° A iy, a.

(fa) = foa —iyyau

da = (—=1)*Alt(Va); da — kC(1,k + 1)Va.

Li = 60t A+ A 6.
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*LX(,U = —5w

L% = —(Lx + hx — divX) where kl{(hxa,3) = Lx{(,)(c, ).
Alternatively 8 A xhxa = Lx{(, )(a, 3).

VY = VxY +oX,Y) (Gauss)
¢ —A¢X + Dx¢ (Weingarten)
(A X,Y) = (& a(X,Y))

RW,Z, X,)Y)=RW,Z, X, Y)+(a(X, 2),a(Y,W))—(a(Y, Z), a( X, W))
(Gauss).

(R(X,Y)Z), = (Vxa)(Y, Z) — (Vya)(X, Z) (Codazzi).
(Vxa)(Y,Z) = Dx(a(Y, 2)) — a(VxY, Z) — a(Y,Vx Z).
X"+ Vo(T(X,T)) + R(X,T)T = 0.

XaJVFE, (XY) |b= (%X, Y")—(R(X,T)T,Y)dt = I’(X,Y).

LL(7%) |smo= (X, T) |% — [2(X,V7T) where 7° is parameter-
ized proportional to arc length and 7 is parameterized by arc
length.

X,Y L 7, piecewise smooth, and 0 at endpoints = j—;L(TS) |s=0=
(X.Y).

Ax = Lx —Vx, ugoAx oug® = (—Ax)o.

T(X,Y)o =upoA(X)oug'Yy —ugo A(Y) oug* Xy — [X, Y.
R(X,Y)o =upo ([Ax,Ay] — A([X,Y])) oyt

Am(X)Y =1[X, Y]+ U(X,Y).
2B(U(X,Y),Z)=B(X,[Z,Y|m) + B([Z, X|m,Y).

(Lx x — % Ly)a = (xhx — divX*)a.

0" orthonormal = 66" = —T"%,.

5(67 A G7) = (%, — T )6k — Th67 + T 6.

60" NOTNOF) = —TD0" NOT +TD.0° NO* — 10,67 N0 + (I}, —
Th)07 AP + (T, —T3,)0" A 0P + (T —T7,)0% A 6P

DTy = %(quu + Rjpsu) at 0 in normal coordinates.



