
Differential Geometry Conventions

1. Ej
i has entry 1 in row i, column j - 0 elsewhere; Ej

i ek = δi
kej

where Oj
i = Ej

i − Ei
j.

2. [Ej
i , E

k
l ] = −δl

iE
j
k + δj

kE
l
i.

3. [Ob
a, O

d
c ] = −δacO

d
b + δadO

c
b + δbcO

d
a − δbdO

c
a.

4. [Ej, Ek] = cijkEi ⇐⇒ dθi = −1
2
cijkθ

j ∧ θk.

5. dω(X, Y ) = −1
2
[ω(X), ω(Y )] + Ω(X, Y ).

6. dωi
j = −ωi

k ∧ ωk
j + Ωi

j.

7. dθ(X, Y ) = −1
2
(ω(X)θ(Y )− ω(Y )θ(X)) + Θ(X, Y ).

8. dθi = −ωi
j ∧ θj + Θi.

9. dw = −1
2
[ω, ω] + Ω.

10. DΩ = 0, dΩ = [Ω, ω].

11. dΩi
j = Ωi

k ∧ ωk
j − ωi

k ∧ Ωk
j .

12. DΘ = Ω ∧ θ.

13. T (X, Y ) = u(2Θ(X∗, Y ∗)), R(X, Y )Z = u(2Ω(X∗, Y ∗)u−1Z).

14. C { R(X, Y )Z} = C{T (T (X, Y ), Z) +∇XT (Y, Z)}.

15. C{(∇XR)(Y, Z) +R(T (X, Y ), Z)} = 0.

16. Ωi
j = 1

2
Ri

jklθ
k ∧ θl.

17. Local trivialization φα : π−1(Uα) → Uα×G; Transition function
ψβα = φβφ

−1
α

18. ωβ = Ad(ψ−1
αβ )ωα + θαβ where θαβ = ψ∗αβθ.

19. σ∗ω = Γi
jkdx

jEk
i .
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20. Left invariant Maurer-Cartan form θ is s−1ds on Gl(n).

21. Γ̄α
βγ = Γi

jk
∂xj

∂x̄β
∂xk

∂x̄γ
∂x̄α

∂xi + ∂2xi

∂x̄β∂x̄γ
∂xα

∂xi .

22. ∂kH
i
j = DkH

i
j +H l

jΓ
i
kl −H i

l Γ
l
kj.

23. R(Xk, Xl)Xj = Ri
jklXi.

24. Ri
jkl = DkΓ

i
lj −DlΓ

i
kj + Γm

lj Γ
i
km − Γm

kjΓ
i
lm.

25. 2〈∇YZ,X〉 = Y 〈X,Z〉 + Z〈Y,X〉 − X〈Y, Z〉 − 〈Y, [Z,X]〉 +
〈Z, [X, Y ]〉+ 〈X, [Y, Z]〉.

26. glkΓ
l
ji = 1

2
(Djgki +Digjk −Dkgji).

27. R(v1, v2, v3, v4) = 〈R(v3, v4)v2, v1〉.

28. κ = R(v1,v2,v1,v2)
|v1∧v2|2 ; S(v1, v2) = Σn

i=1R(ei, v1, ei, v2).

29. R(v1, v2, v3, v4) = R(v3, v4, v1, v2) = −R(v2, v1, v3, v4).

30. si = Xj
i

∂
∂xi ⇔ θi = Y i

j dx
j where Y = X−1.

31. ωi
j = s−1ds+ Ad(s−1)ωe = Y i

j dX
k
j + Γk

mlX
l
jdx

m.

32. 〈θ1 ∧ θ2 . . . θk, θ̄1 ∧ θ̄2 . . . θ̄k〉 = det(θi · θj).

33. 〈ψ ∧ θ, ψ̄ ∧ θ̄〉 = r!s!
(r+s)!

〈ψ, ψ̄〉〈θ, θ̄〉 if ψ, ψ̄ ∈ Ar(V1) and θ, θ̄ ∈
Ar(V2) and V1 ⊥ V2.

34. α ∧ ∗β = k!〈α, β〉ω where ω = dvol and α, β ∈ Ak.

35. iY (α) = kC(Y ⊗α) = kα(Y, · · ·) where α ∈ Ak. The map iY is
an anti-derivation.

36. ∗∗ = (−1)k(n−k).

37. δ = (−1)k(n−k)+1 ∗ d∗; 〈δα, β〉 = k〈α, dβ〉 where δ : Ak → Ak−1.

38. L∗X = (−1)k(n−k)+1 ∗ LX∗.

39. (k+ 1)〈ψ ∧ α, β〉 = 〈α, iXβ〉 where ψ is dual to X and α ∈ Ak.

40. ∗(ψ ∧ ∗α) = (−1)nkiXα where α = θi ∧ iXi
α.

41. δ(fα) = fδα− i∇fα.

42. dα = (−1)kAlt(∇α); δα− kC(1, k + 1)∇α.

43. L∗X = δ ◦ ψ ∧+ψ ∧ ◦δ.
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44. ∗LXω = −δψ.

45. L∗X = −(LX + hX − divX) where k!〈hXα, β〉 = LX〈, 〉(α, β).
Alternatively β ∧ ∗hXα = LX〈, 〉(α, β).

46.

∇XY = ∇XY + α(X, Y ) (Gauss)

∇′
Xξ = −AξX +DXξ (Weingarten)

〈AξX, Y 〉 = 〈ξ, α(X, Y )〉
.

47. R′(W,Z,X, Y ) = R(W,Z,X, Y )+〈α(X,Z), α(Y,W )〉−〈α(Y, Z), α(X,W )〉
(Gauss).

48. (R′(X, Y )Z)⊥ = (∇̃Xα)(Y, Z)− (∇̃Y α)(X,Z) (Codazzi).

49. (∇̃Xα)(Y, Z) = DX(α(Y, Z))− α(∇XY, Z)− α(Y,∇XZ).

50. X ′′ +∇T (T (X,T )) +R(X,T )T = 0.

51. X a JVF, 〈X ′, Y 〉 |ba=
∫ b
a 〈X ′, Y ′〉−〈R(X,T )T, Y 〉dt = Ib

a(X, Y ).

52. d
ds
L(τ s) |s=0= 〈X,T 〉 |ba −

∫ b
a 〈X,∇TT 〉 where τ s is parameter-

ized proportional to arc length and τ is parameterized by arc
length.

53. X, Y ⊥ τ , piecewise smooth, and 0 at endpoints⇒ d2

ds2L(τ s) |s=0=

Ib
a(X, Y ).

54. AX = LX −∇X , u0 ◦ ΛX ◦ u−1
0 = (−AX)0.

55. T (X, Y )0 = u0 ◦ Λ(X) ◦ u−1
0 Y0 − u0 ◦ Λ(Y ) ◦ u−1

0 X0 − [X, Y ]0.

56. R(X, Y )0 = u0 ◦ ([ΛX ,ΛY ]− Λ([X, Y ])) ◦ u−1
0 .

57. ΛM(X)Y = 1
2
[X, Y ]M + U(X, Y ).

58. 2B(U(X, Y ), Z) = B(X, [Z, Y ]M) +B([Z,X]M, Y ).

59. (LX ∗ − ∗ LX)α = (∗hX − divX∗)α.

60. θi orthonormal ⇒ δθi = −Γj
ji.

61. δ(θi ∧ θj) = (Γk
ji − Γk

ij)θ
k − Γk

kiθ
j + Γk

kjθ
i.

62. δ(θi ∧ θj ∧ θk) = −Γp
pkθ

i ∧ θj + Γp
pjθ

i ∧ θk − Γp
piθ

j ∧ θk + (Γp
ki −

Γp
ik)θ

j ∧ θp + (Γp
jk − Γp

kj)θ
i ∧ θp + (Γp

ij − Γp
ji)θ

k ∧ θp.

63. DpΓ
u
qi = 1

3
(Rqpiu +Ripqu) at 0 in normal coordinates.
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