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0.1. Tableaux.

: Seeking maps f: V" - W?*. 1<i,j,k<n,1<a,bc<s.

2: V" has basis {v;}, W* has basis {w,}. z = 2'v; € V. u = uw, € W.
3: Dual bases {v'},{w®}.

4: Given map f: V — W, Gauss map:

—

vV =W @ V" =Hom(V,W)
af”

szwwa@)v

: Or 75 = Qjuw, ® v’
6: WV*=JYV,W)/JUV,W).
7: R homog. cst coeff eqns for 1 <r < R:

0
Bd a:fi -
8: Equivalently < b,vy >=0Vbec B C W*® V. (Contraction.)
B is the space of symbol relations.
9: C-R Eqns Example: dju! — dru? = 0, 01u? + dou' = 0 corresponds
to B = {w! ® v; — w? ® v2, w? @ v1 + w! @ va}
10: Bt c W ® V* is the space of admissable first derivatives.
11: A tableau A is a linear subspace A C W @ V*.
12: In the C-R case

i

ot

0.

BJ‘:{w1®vl+w2®v2,—w2®vl+w1®v2}

a —b
G 2)

(This agrees with ws @ v* representing the matriz with 1 in row i

column s.)
13: A = 0 implies solution depends on s constants.
14: A = W ®V* implies solution depends on s functions of n variables.
15: A=W ® L* with e.g. L* = {0}, ... ,vk} implies solutions depend

on s functions of k£ variables.

A:(* O)

or as matrices

in block form.
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16: A=Y @ V* with Y e.g. {wy,...,w,}implies solutions depend on
p functions of n variables and s — p constants.

k
a=(o)
in block form.

17: Seeking a power series solution
u®(z) = p® + plat + pfjxixj + p?jkﬂxjxk +...
18: Since the derivative of p?azi is p?wa®vi, p?xi is a solution iff pfw, ®
vl € A
19: If pfj is symmetric in ¢ and j, then the derivative of pgszx] is
Zp?jxiwa ® 9. So p%xixj is a solution on an open set iff
xi(p?jwa ®v’) e A
for all x on an open set. Partial differentiation with respect to xt
gives the necessary condition p%wa ® v! € A which is also clearly
sufficient for pgjxixj to be a solution.
20: The function z' on V is just contraction with v%, so for Dij Sym-
metric,
xi(p?jwa ®v) e A= PijWa @ v @l € AQV*.
Also pfjwa@wi@vj € W®S?(V*) since that is equivalent to symmetry
in ¢ and j.
21: The first prolongation AW is defined by
AV = (Ao V)N (We S2(VY).

So pfiwe ® v @ vl e AL does imply :Ui(p;-‘jwa ®v/) € A and the
symmetric polynomial p?ja:iacj is a solution.

22: The second derivative of pgjxixj Is 2pfiwe & vl @ vl
inW ® S?(V*). In fact pfjxixj is the unique homogeneous W valued
quadratic polynomial with this second derivative.

22: If p} is symmetric in the multi-index I with |I| = k, then the
derivative of p%a:l is kprxiwa ® v’ with [J| = k — 1. So p?xl is a
solution on an open set iff

2’ (plw, @ v') € A

for all  on an open set. Partial differentiation with respect to z”/

gives the necessary condition p{;w, ® v € A which is also clearly
sufficient.

23: The function 7 on V is just contraction with v”, so for p; sym-
metric,

27 (plw, @ v') € A = plw, @ v' @ v’ € AeSFTH(V*)
Also ptat € W @ Sk(V).
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24: The kth prolongation A% is defined by
AR = (A ve)n (We s ().

So plw, ® vl € AF=1) does imply ;cJ(ngwa ®v’/) € A and the
symmetric polynomial pgjxi:c‘] is a solution.

25: The kth derivative of pda! is kpd,w, @vi®v’/ € W@ Sk(V*). In fact
pgjxix‘] is the unique homogeneous W valued degree k polynomial
with this kth derivative.

26: A tableau of order p is a linear subspace

AcC (WeSP(VH).

It determines a homog. cst. coeff. PDE system for functions V- — W.
27: Its prolongation is

AR = (A ver) 0 (W e sHrr)).
28: First Example
A={(piol + Cgphe® + ..+ Clypho") @ w,}
={(p1 Cop1 ... Cpp1 ... Cpp1)}

where C), is an s X s constant matrix.
29: Symbol relations of First Example:

{wa®vp—Cgbwb®v1}, 2<p<n.

Differential Equations:
dpu® — Copdru’ = 0.
30: Consistency Condition in terms of differentiation:
Opu =C,01u
Oyu =Cy01u
0,051 =0,0,u
CyC,0tu =C,Cyr0iu

for 2 < p,0 < n.
31: Also determines d;u in terms of dfu. Namely

dru=C;,Cy ... Cy, O u.
32: Algebraically:
Piw, ©v' € A=p; = Cipy
DijWa & vev e AW —=pi; = C;Cjp11.

So consistency for all p{; requires C;C; = C;C; for i,5 > 2.



V7 AB
33: Ifall ij > 2,

piw, @' € ARY —p; = Cipy. 4
and this is <= when [C};, C}] = 0 holds.
34: Prop: If [C;,C;] = 0, 3! soln with IC
u’(2',0,...,0) = f(2!).

(Magjorant argument shows convergence.)
35: There may also be solutions when [C;, C;] # 0.
36: Summary of example 1:
o dim AN < .
e Largest space of solutions depends on s functions of 1 variable.

e Largest space of solutions arises exactly when dim A = s.
37: Second Example (n=3):

A— (P P2 Fp1+ Gqi + Hps
qu Cp1+Dqi+ Epy  Ipr+ Jg1 + Kpo

_ (P P2 D3
a1 Q92 g3
with p; € R*, ¢; € R°7F.
38: 1< \p<k k+1<¢En<s. Note e.g.
(Cp1)¢ = C3p1
39: Special case with A=...= K =01is
_(p1 p2 O
A= <CI1 0 0)
corresponding to the equations

aguf =0
Ozu® =

with solution
W=
w = f(at 2?).

(Referred to here as the simplified example 2.)
40: In the simplified example 2, dim AM) = s + 2k because

A={wy @ (plv' + pye?)

+uwe® (gfv')}
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={w\ ® (pi\ﬂ’l ® o' 4+ plyv’ 0 v® + ppr® ® 02)
+ we ® (qivl ® v1>}

where aof=a® 0+ 0 a.
41: In the simplified example 2

) —{wy @ <p}\(vl)®l+l _’_p;\(vl)@j o (v2)®l+1—j +p}\<v2)®l+1)
+ we ® (gf(0") )}

where aof=a® [+ 6 a.
42: In the full example 2,

A={w)® (p%vl + (Fp1)Av3) +we ® ((Cp1)5v2 + (Ip1)§v3) +
wy ® (pé\UQ + (Hpg))‘v3> +we ® <(Ep2)§v2 + (Kp2)5v3> +
wy ® ( Ga)? 3) +owe® (qlv + (Dq)s0? + (Jq1)v 3)}

D = {wy® ( v @ v’ + (Fp1)*o? ®vJ) +we ® ( Cp1)*v? @ v’ + (Ip)Svd @ v ) +
wy, ® (p v @ v’ 4 (Hps)*v® ®v‘]) +we @ ( Ep2)Sv? @ v’ + (Kp)sv® @ v ) +

wy ® ((Gq1) v ® v‘]> + we® (qsv @v) + (D) v @ v + (Jg)* v @v )}
where |J| = 1.
43: The above can also be written as

A={(mev' + (Fp1) @ v%) + ((Cp1) @ v* + (Ip1) ® v*) +
(p2 ® v* + (Hpsz) ® v°) + ((Ep2) @ v* + (Kps2) @ v°) +
(Ga)ev*)+  (a@v' +(Dg) @0+ (Ja) ©v7)}

44: Set

= (D = _ (DPiJ
pZ <ql>7 le <qZJ>

Then for symmetric p,

Pwe @ v € AD = VJ, pw, @0 € A.
Here that means
25 = Cpry+ Dqy+ Epay
@y = Ip1j+Jqs+ Kpay
p3g = Fpig+Gaqy+ Hpay

just as differentiating equations like g = Cpy + Dqg1 + Epy by 0;
would give.
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45: Define (ab) the normal height /p;/ or /qr/ of a term to be:
/p1/: The number of indices in I which are 3.
/qr/: The number of indices in I which are 2 or 3.
The above system says

Q1) = Cpi1s + Dqi1g + Epa1
G227 = Cpi2s + Dqiag + Epazg

= Cpi2g + D(Cp11s + Dqi1s + Epa1s) + Epaay
Q237 = Cpiss + Dqi3g + Epasy

= C(Fpi1s+ Gaqig + Hpars) + D(Ip11s + Jqu1s + Kpaiy)
+E(Fpi2s + Gqi2g + Hpaay))
= C(Fpi1s+ Gqig + Hpa1s) + D(Ip11s + Jqu1g + Kpaiy)
+E(Fpi2s + G(Cp11y + Dqi1s + Ep21y) + Hpaay))

q32J = Ipiog + Jqr2s + Kpaay

= Ip1ag + J(Cp11g + Dqirg + Epary) + Kpaag
q31J = Ipi1y + Jqu1s + Kpaig
q33J = Ipi3j + Jquzs + Kpasy

= I(Fp11y + Gy + Hpa1y) + J(Ip11s + Jquig + Kpaig)
+K(Fpias + Gqiag + Hpaay)
= I(Fp11y + Gy + Hpary) + J(Ip11s + Jquig + Kpaig)
+K(Fpi2s + G(Cp11y + Dqiig + Ep21y) + Hpaay)

p31g = Fpi1y+ Gqig + Hparg
P32J = Fpiag + Gqiag + Hpaay

= Fpiag + G(Cp11s + Dqiig + Epars) + Hpaay
P33J = Fpi3g + Gquzg + Hpasy

= F(Fpi1g+ Gaug + Hpary) + GUpig + Jang + Kpaiy)
+H(Fpi2g + G(Cpi1g + Dqi1g + Ep2iy) + Hpaag)

46: Comparing ¢o37 and ¢327, we see as long as the consistency condi-

tion
CF + DI + EGC = JC
CH+DK+FEFEGE = I+ JF
FH = K
CG+DJ+ EGD = JD

holds, then the system above uniquely determines every /pr/ or /q;/
of positive normal height in terms of elements of normal height 0.
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47: Prop: If the consistency condition holds, 3! solution to the IVP
yu(x) € A with IC

u)\(x171,2,0) _ f)‘(l‘l,:BQ)
ut(z',0,0) = (et

as long as f* and f¢ are analytic.
48: So dim A < s+ 2k with equality if the matrix consistency con-
ditions holds.
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