
Quantifiers Exercise

The quantifiers, there exists and for all are used to make mathemati-
cal statements which hold for at least one value, or that hold for all values.
When they are used in succesion they can be chained together in meaningful
ways, and their order frequently matters. If I say

“for all x there exists y such that x+ 1 = y,”

I am claiming that every number has a successor, and you’re likely to
agree. If, on the other hand, I say

“there exists y such that for all x x+ 1 = y,”

I am claiming there is a special number y which is the successor to every
number, and you are apt to disagree. Quantifiers have scopes, meaning that
when we come across a quantifier we assume it is assigning a value to the vari-
able. For there exists, there needs to be one such valid assignment. For for
all, all assignments must be valid. The order of assignment is important, be-
cause validity of a statement may only hold with choices of assignment which
depend on previous assignments, as the above example illustrates. The con-
nective such that always follows the existential quantifier there exists, so
we can drop it from the codified form, and use ∃ ∀, and =⇒ for there
exists, for all, and implies. Rewriting the above two statements thusly, we
have “∀x∃y (x+ 1 = y),” and “∃y ∀x (x+ 1 = y).”

Continuity at x0 is defined precisely by the statement

“for all ε > 0 there exists a δ > 0 so that |x0 − x| < δ implies |f(x0) −
f(x)| < ε.”

We can say this more formally, with the symbols ∀, ∃, =⇒ like so:

“∀ ε>0 ∃δ>0 such that |x0 − x| < δ =⇒ |f(x0)− f(x)| < ε.′′

We can also make the statement less formal, putting it into clear, precise
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English:

“For any interval I you specify around f(x0), I can find a δ small enough
so that the interval (x0 − δ, x0 + δ) is sent to I under the function f .”

The significance of the statement is, roughly, that the function does not
jump discontinuously when we get very close to x0.

The exercise here asks you to scramble up quantifiers and variables and
reinterpret in English the significance of the new property. In each of the
following describe the property, not merely by translating the statement to
English, but by describing, in the best terms you can, the property that is
imposed by the formal statement.

(a)

“∀ ε>0 ∃ δ>0 such that |x0 − x| < δ =⇒ |f(x0)− f(x)| < ε.′′

ANSWER: f is continuous at x0.

(b)

“∀ ε>0 ∃ δ>0 such that |x0 − x| < ε =⇒ |f(x0)− f(x)| < δ.′′

ANSWER:

(c)

“∃ δ>0 such that ∀ ε>0 |x0 − x| < δ =⇒ |f(x0)− f(x)| < ε.′′

ANSWER:

(d)

“∃ δ>0 such that ∀ ε>0 |x0 − x| < ε =⇒ |f(x0)− f(x)| < δ.′′

ANSWER:

(e)

“∀ ε>0 ∃ δ>0 such that |f(x0)− f(x)| < ε =⇒ |x0 − x| < δ.′′

ANSWER:
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