
MATH 453 FINAL EXAM DUE: 12 DECEMBER 2006

This examination is due in my office (Malott 589) at 12 NOON on Tuesday 12 December 2006.
Every minute that the exam is late (as per the US Atomic Clock) will cost you 1 point. I will not
accept exams after 1pm.

Please note that I will be traveling during the week of study period, but I will be checking my
email daily. Brad and I will have office hours in the upcoming weeks according to the following
schedule.

Date Holm’s office hours Forrest’s office hours

M 11/27 2–3pm 1:15–2:15pm

Tu 11/28 11am–12pm —-

W 11/29 3–4pm 1:15–2:15pm

M 12/4 —- 1:15–2:15pm

Tu 12/5 cancelled —-

W 12/6 cancelled Time change TBA

Th 12/7 8–9pm —-

M 12/11 9–10pm 1:15–2:15pm

Academic integrity. As always, you are expected to abide by the Cornell Code of Academic
Integrity. This states, “A Cornell student’s submission of work for academic credit indicates that
the work s the student’s own. All outside assistance should be acknowledged, and the student’s
academic position truthfully reported at all times.”

You may consult your text, the books on reserve, Hatcher’s Algebraic Topology, and your course
notes. You should not discuss the exam with your fellow students, nor should you use the internet.
I am happy to answer any questions clarifying the statements of the following questions, but I will
not give hints on the questions themselves. I am happy to answer any general questions about the
course that you might have.

Unless otherwise noted, R
n has the standard topology and a subset of a topological space has

the subspace topology. If you use a result that we proved in class, please cite your class notes,
with the date that the statement was proved. Although we did not prove it in class, you may use
the fact that if X and Y are path-connected homotopy equivalent spaces, then π1(X) ∼= π1(Y).

The problems are more or less ordered by when the topic was covered in class, not by difficulty.
Please read through the entire exam before class on Thursday, November 30, so that we may
address any confusion before the end of classes.

Good luck!!
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1. (Topologies – 10 points) Let Cn denote the circle in R
2 with center ( 1

n
, 0) and radius 1

n
, for

any natural number n ∈ N. The Hawaiian earring is

H =
⋃

n∈N

Cn,

viewed as a subspace of R
2, as shown in the figure below.

.....

FIGURE 1. The Hawaiian earring H ⊆ R
2.

To define a second topology on this set, let S1 ⊆ R
2 denote the circle with the subspace

topology, and let I =
∐

n∈N
S1 be a countable (disjoint) union of such circles. Let J denote

the quotient of I obtained by identifying all of the points (1, 0) ∈ S1 with one point. Thus,
as a set, J = H. Let q : I → J be the quotient map, as shown below, and endow J with the
quotient topology.

.....
q

J

FIGURE 2. The space J as a quotient of a disjoint union of countably many circles,
with the marked points all glued together.

Compare these two topologies: Is one finer than the other? Are they incomparable?

2. (Mathematical writing – 30 points) Choose one of the two topological spaces from the
previous problem (or both, if they’re the same!). Give definitions for three of the follow-
ing four topological properties: a locally compact space, a Lindelöf space, a contractible
space, and a locally simply connected space. For each property, determine whether your
choice of space is an example or non-example of this property. You should include at least
one property for which the space is an example, and one for which it is a non-example.
Like the extended glossary assignments, these should be written so that they could be cut
and pasted into a textbook. As always, you should not simply copy your definitions or
examples from an existing textbook, but should write everything in your own words. In
this problem, your score will be determined by both mathematical correctness and by the
quality of the mathematical writing.
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3. (Closedness – 8 points) Let X be any topological space, Y a Hausdorff space, and f : X → Y

a continuous function. Define the graph of f to be the subspace

Gf = {(x, f(x)) ∈ X × Y | x ∈ X}.

a. Show that Gf is a closed subspace of X × Y.
b. Find a counterexample to part a in the case when Y is not Hausdorff.

4. (Compactness – 12 points) Let X be a topological space, and A and B compact subspaces.
a. Show that A ∪ B is again compact.
b. Prove that if X is Hausdorff, then A ∩ B is also compact.
c. Give a counterexample to part b in the case when X is not Hausdorff.

5. (Connectedness – 16 points)
a. Let X be a Hausdorff space. Show that any connected subset A ⊆ X contains infinitely

many elements.
b. Let A be a countable subset of R

2. Prove that R
2 − A is path-connected.

6. (Retractions – 24 points) Determine whether or not there is a retraction from X to A for the
following spaces. If there is a retraction, describe it explicitly, using pictures if you like. If
there is no retraction, explain why. Let D2 denote the closed unit disc centered at (0, 0) in
R

2, and S1 the unit circle centered at (0, 0) in R
2.

a. X is S1 × D2 and A is S1 × S1;
b. X is S1 × S1 and A = {(x, y) ∈ X | x = y} is the diagonal S1; and
c. X is a surface with two holes (the surface of a two-holed doughnut) and A is the closed

left half of the surface, as shown below;

FIGURE 3. The space X is the entire surface, and A is the shaded region, including
the boundary circle.

d. X consists of two discs glued at a point, and A consists of two circles glued at a point.
Both are subspaces of R

2, as shown below.

X A

FIGURE 4. X is two discs glued at a point, and A is two circles glued at a point.
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7. (Homotopy equivalence – 18 points) Consider the capital letters of the alphabet and the
numbers from one to nine, as below, in the sans serif style with no adornments.

ABCDEFGHIJKLMNOPQRSTUVWXYZ123456789
View each letter as a topological space, with the subspace topology inherited from R2.

a. Prove that C is not homotopy equivalent to O.
b. Give an explicit homotopy equivalence from A to O, with justification. You may use

pictures to describe your solution.
c. Consider the equivalence relation “is homotopy equivalent to” on the set of these let-

ters. What are its equivalence classes? Please briefly justify your answer.

8. (Topological groups – 32 points) Let GL(2, R) denote the general linear group, the group
of invertible 2 × 2 matrices with real coefficients. Let O(2) denote the orthogonal group,
the 2 × 2 orthogonal matrices, as in Problem Set 4. Finally, SO(2) is the special orthogonal
group, those matrices Q ∈ O(2) satisfying det(Q) = 1. Let I denote the two-by-two identity
matrix.

a. Determine whether or not GL(2, R) is connected. Justify your response.
b. The Gram-Schmidt orthogonalization process allows us to write a matrix A ∈ GL(2, R)

uniquely as a product A = QR where Q ∈ O(2) is orthogonal and R is upper triangular
with positive entries on the diagonal. Use this to produce a deformation retraction
from GL(2, R) to O(2).

c. Show that SO(2), with matrix multiplication, is homeomorphic (as a topological space)
to and isomorphic (as a group) to S1 = (R,+)/Z.

d. Using the fact that O(2) ∼= SO(2) × {1,−1}, compute π1(GL(2, R), I).
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