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For nonparametric regression estimation, when the unknown function
belongs to a Sobolev smoothness class, sharp risk bounds for integrated
mean square error have been found recently which improve on optimal
rates of convergence results. The key to these has been the fact that under
normality of the errors, the minimax linear estimator is asymptotically
minimax in the class of.all estimators. We extend this result to the
nonnormal case, when the noise distribution is unknown. The pertaining
lower asymptotic risk bound is established, based on an analogy with a
location model in the independent identically distributed case. Attainment
of the bound and its relation to adaptive optimal smoothing are discussed.

1. Introduction and main result. In the area of nonparametric curve
estimation, some attention has recently been devoted to asymptotically mini-
max estimation for integrated mean square error. In a class of problems, it has
been possible to improve the results on best obtainable rates of convergence by
finding the exact asymptotic value of the minimax risk in the class of all
estimators. The constant involved represents the analog of Fisher’s bound for
asymptotic variances, for those “ill-posed” curve estimation problems where
Vn -consistency does not obtain. The key original result is due to Pinsker
(1980); it concerned a filtering problem over ellipsoids in Hilbert space. The
notion of ellipsoid is important in this context since Sobolev smoothness
classes can be described in this way.

Consider observations

(11) yin=f(xin) +§i7 xine[071]7i=17-"}n,

where {¢;} are independent random variables with zero expectation, and the
function f is to be estimated. The nonrandom design points x;, are assumed
to be generated by a density g on [0, 1] such that

(1.2) fox""g(t) dt = i/n,

where g is assumed to be continuous arnd positive on [0, 1].

Let L, = L0,1) be the Hilbert space of square integrable functions on
[0,1] and let | - || denote the usual norm therein. Let, for natural m and
f € L,, D™f denote the derivative of order m in the distributional sense and
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