
MATH 4530 – Topology. HW 6

Please declare any collaborations with classmates; if you find solutions in books or online,
acknowledge your sources in either case, write your answers in your own words.

Please attempt all questions and justify your answers.

Write the proofs in complete sentences.

(1) Let m be a positive integer.
(a) Find an explicit isomorphism from the quotient group (Z/mZ,+) to a subgroup of U(1).
(b) Let m = 9. Find all the invertible elements with respect to the multiplication induced from

(R×,×) and show that they form a group. Is it a cyclic group?
(2) Let D3 be the group generated by two elements x, y with the relations xy = y2x, x2 = 1, y3 = 1.

What is the number of the elements in the group D3? Write an isomorphism from S 3 to D3 where
S 3 is the permutation group on {1, 2, 3}. See Example 7.4 [L].

(3) Let g be an element of a topological group G. Show that the map ρg : G → G, h 7→ gh is a
homeomorphism. Also show that the map G→ G, h 7→ h−1 is a homeomorphism.

(4) Let R ⊂ X × X be an equivalence relation on a topological space X. Show that if R is closed in
X × X, then the quotient space X/∼ is Hausdorff. Hint: first prove that, for subsets U,V ⊂ X,
π−1(π(U)) ∩ π−1(π(V)) = ∅ if and only if (U × V) ∩ R = ∅.

(5) Let G be a finite group with discrete topology. Show that, if G acts on a Hausdorff space X
continuously, then the quotient space X/G is Hausdorff. Hint: show that the relation is closed and
the apply the previous problem.

(6) (optional) Show that a topological group G is Hausdorff. Hint: for an open neighborhood U of the
identity 1G, find another open neighborhood V of 1G such that V = V−1 and V · V ⊂ U.
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