
Math 2220 Prelim I Spring 2010

Book, notes, and calculators are not permitted. Show all your work.

1. Let f(x, y) =
x3y

x6 + y2
for (x, y) 6= (0, 0).

(4 pts) (a) Show that the cubic curves y = λx3 are level curves of the function f .

(4 pts) (b) Draw the level curves of f which pass through (1, 1
2
) and (1,−3).

(6 pts) (c) Use these level curves to determine whether lim
(x,y)→(0,0)

f(x, y) exists.

(14 pts) 2. Suppose that w = g(x/y, y/z) where g(u, v) is a differentiable function. Show that

x
∂w

∂x
+ y

∂w

∂y
+ z

∂w

∂z
= 0.

3. Let f(x, y) be a differentiable function of two variables. Let u and v be unit vectors

in the directions (1, 1) and (1,−1). Suppose you know that the directional derivatives

D
u
f and D

v
f at the point (1, 5) are equal to 3

√
2 and

√
2, respectively.

(9 pts) (a) Determine ∇f at the point (1, 5).

(5 pts) (b) Compute D
w

f at (1, 5) for w a unit vector in the direction of (3,−4).

4. Consider the ellipsoid x2 + 2y2 + 3z2 = 20.

(7 pts) (a) Find an equation for the tangent plane to the ellipsoid at the point (3, 2, 1).

(7 pts) (b) Find all points (a, b, c) on the ellipsoid such that the tangent plane to the ellipsoid at

(a, b, c) passes through the point (0, 0, 4).

5. Let S be the surface x2 + y2 = (2 − z)(2z2 + z + 2).

(7 pts) (a) Find all points on S where the tangent plane is horizontal (parallel to the xy plane).

(7 pts) (b) Show that the set of points on S where the tangent plane is vertical (perpendicular to

the xy plane) is the union of two circles.

(15 pts) 6. Find all critical points of the function f(x, y) = x(x2 + y2 − 4) and determine their

types. Hint: There is at least one critical point of each type.

(15 pts) 7. Let f(x, y) = x2 − y2 . Determine the maximum value of the directional derivative

D
u
f(x, y) as (x, y) ranges over all points on the ellipse x2 + 4y2 = 1 and u ranges over

all directions. (Your final answer should be a single number.)


