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RESILIENT UNIVERSAL CELLULAR AUTOMATA ON

QUASIPERIODIC TILINGS

DUANE BAILEY AND KATHRYN LINDSEY

Abstract. We discuss a natural method of embedding cellular au-
tomata within any tiling that is the result of the multi grid projection
technique. The logic of the automaton is logically executed on the pe-
riodic feature of a higher dimensional space and then projected onto
the aperiodic tiling. We give as a primary example the embedding of
Conway’s Game of Life in Penrose’s aperiodic tiling by rhombuses, and
we argue that such an embedding is particularly natural.

1. Introduction

John von Neumann ([VN66]) introduced cellular automata as a theoretical
framework in which to study self-reproducing machines and computational
universality. Inspired by suggestions of Stanislaw Ulam, who was using lat-
tices to study the growth of crystals, von Neumann’s theoretical “machines”
consist of a space of discrete cells, each of which interact with other cells
in a local neighborhood at discrete time intervals. Many automata have
been discovered which, while acting locally, have interesting globally emer-
gent properties like reproduction and computation. John Conway’s Game
of Life( [Gar70]), one of the best known cellular automata, was shown to
support universal computation ([Cha02]).

Dan Shechtman’s discovery ([SBGC84]) that quasicrystals, materials which
possess some structural order but lack translational symmetry, exist in na-
ture ([SBGC84]) caused a paradigm shift in the understanding of the atomic
structure of matter. A mathematical analogue of quasicrystals, aperiodic
tilings are naturally linked with the theory of automata. In his classic pa-
per, Hao Wang interpreted the assembly of a non-periodic tiling as an au-
tomaton’s computation ([Wan60]). In fact, the existence of aperiodic tilings
– tilings of the plane admitted by a set of prototiles which do not admit a
periodic tiling of the plane – was first obtained through this approach as a
corollary of the undecidability of the halting problem ([Ber66]).

The promise of new media for hosting computation (for example, a net-
work of living cells) prompts the question of how to effectively compute
in non-periodic environments. The cellular automata which have previ-
ously been observed to demonstrate interesting large-scale behaviors operate
through the application of local rules on the cells of a periodic lattice. The
homogeneity of the lattice allows the rules to be specified in a context-free
manner; the computation is resilient in that it unfolds in a manner indepen-
dent of its location in the lattice. This position independence supports the
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notions of movement and production of a certain cell configuration within
the lattice, and thus the transfer of information from one neighborhood of
the lattice to another, i.e. signal delivery. Is resilient computation possible
on nonperiodic tilings?

The main result of this paper is that we define a cellular automaton capa-
ble of resilient, universal computation on all which arise through the multi-
grid projection method. This class of tilings, called quasiperiodic tilings,
notably includes all Penrose tilings. Our method is based on the relatively
simple observation that any such tiling (regardless of whether the projection
map is known) admits a “nice” embedding of Conway’s Game of Life.

1.1. Embeddings. Consider a cellular automaton played on the lattice Z2,

where S is a finite set of “states” each cell is in. Then SZ2
denotes the

space of configurations for this cellular automaton. Denote the “rules” of

the cellular automaton by the map CA1 : SZ2 → SZ2
. Let P denote the

tiles of another tiling of the plane. By a cellular embedding of this cellular
automaton in P we mean:

• an injective map π : Z2 → P ,

• a map π̂ : SZ2 → (S ∪ {?})P which acts coordinatewise by setting
the state of a point x ∈ Range(π) to be the state of π−1(x) and
setting the state of a point x 6∈ Range(π) to be the symbol ?,
• a map CA2 : (S ∪ {?})P → (S ∪ {?})P ) such that π̂ ◦ CA1 ◦ π̂−1 =
CA2.

As long as the cardinality of P is at least that of Z2, such an embedding is
clearly possible.

The challenge is to construct a map π which behaves nicely with respect
to the geometric notion of “neighbors” – there should be some finite distance
d so that all the neighbors of a tile x ∈ P are at most distance d from x under
some suitable metric. Furthermore, there should be some finite amount of
information about the map π so that every tile x in P can tell which of the
nearby tiles are its neighbors using only this information and knowledge of
the tiling up to a distance d away.

Finiteness requirements are necessary for computation (in finite time) but
sit uneasily with the idea of nonperiodic tilings of the (infinite) plane. Thus
quasicrystalline structures, or quasi-periodic tilings, which lack translational
symmetries but still retain some finite type structure, are a natural setting
in which to consider cellular automata.

1.2. Notions of Periodicity. We consider tilings of the two-dimensional
Euclidean plane. A tiling is non-periodic if its symmetry group does not con-
tain any nonzero translations. An aperiodic tiling is a tiling obtained from
a set of prototiles (tile shapes) which admit at least one tiling of the plane
but do not admit any periodic tilings. Penrose tilings have been extensively
studied (see, for example [GS89], [Aus05], [Sen95]); they are aperiodic and
use only two prototiles. There are two equivalent formulations of Penrose
tiling; in one formulation the two prototiles are called “kites” and “darts,”
and in the other they are called “thin rhombs” and “thick rhombs.” (The
question of whether there exists a single aperiodic prototile for the Euclidean
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plane remains open.) In 1981, de Bruijn demonstrated ([dB81]) that Pen-
rose tilings could be viewed as the projection of faces of unit hypercubes in
R5 onto a two-dimensional cutting plane with a specific “irrational slope.”
This technique, which ultimately became known in slightly greater gener-
ality as the as multigrid projection technique, utilizes five grids of parallel
lines that de Bruijn calls a pentagrid (a pentagrid is shown in Figure 1.2).
Quasiperiodic tilings are nonperiodic tilings which may be obtained through
the multigrid projection technique. As “shadows” of a higher-dimensional
lattice projected onto a lower-dimensional manifold, quasiperiodic tilings
inherit some regularity not present in generic nonperiodic tilings.

1.3. Conway’s Game of Life. Our technique enables us to “play” any cel-
lular automata traditionally defined for Zn on any n-dimensional quasiperi-
odic tiling, but our primary motivating example is Conway’s Game of Life
when played on Penrose’s aperiodic tilings by rhombuses. Conway’s au-
tomaton is defined on Z2 (a square lattice of cells) and uses simple rules.
At any time, each cell is in one of two states, which we interpret as “alive”
or “dead.” In each generation, the next state of each cell of the automaton
depends on the current state of each of the eight cells that neighbor it. Any
cell that has three living neighbors hosts life in the next generation. This
life survives in successive generations if it continues to have two of three
living neighbors; otherwise it dies off. Conway and colleagues demonstrated
that the Game of Life is computationally universal ([BCG03]).

Perhaps the most intriguing aspect of cellular automata is the potential
emergence of interesting collective behaviors. For example, many initial
configurations in Conway’s Game of Life give rise to spinners and gliders.
Spinners are configurations in a small locus of the tiling which are periodic,
returning to the initial configuration in the initial location after some finite
number of generations. Gliders are similar to spinners in that a configu-
ration of states cycles through some finite period, but over the period the
configuration “moves” to a new location in the tiling. Because of the homo-
geneity of the tiling, we can thus say that gliders travel in a certain direction
over time.

The initial proof ([BCG03]) that Conway’s Game of Life is computation-
ally universal used gliders (CHECK THIS). Configurations called “glider
guns” send streams of gliders in some direction, simulating a wire or a sig-
nal. Streams of gliders can intersect and interact, and those interactions
may either generate new streams of gliders or terminate the streams. Thus,
boolean logic gates may be encoded by the interactions of streams of glid-
ers. The ability to combine these simulated logic gates leads to the provable
universality of the Game of Life.

1.4. Other work. Consequently, it is interesting to investigate whether
similarly persistent or periodic local structures emerge when some version
of the Game is played on nonperiodic tilings. In 2005, Hill et al. [MH05]
studied the behavior of the Game of Life when played on kite-and-dart
Penrose tilings. They defined the neighbors of a tile t to be the set of tiles
which touch t at a vertex or an edge; with this definition every tile has either
8 or 9 neighbors. In 2008, Owens and Stepney ([OS08]) used a “forensic”
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Figure 1. The intersection, z, of line 0 of grid i = 0 and
line -1 of grid j = 4. The nearby points z0, z1, z2, and z3 are
mapped by K to four different lattice points in five-space.
The “projections” of those lattice points onto the cutting
plane determine vertices of a thick tile.

approach (with the same definition of neighbors), focusing on determining
the type of ash that was left when a random, bounded configuration (or
soup) was allowed to run until a point where only periodic configurations
remained.

In [KI12], the authors present an 8-state cellular automaton defined on
kite-and-dart Penrose tilings which is capable of universal computation. The
authors construct local configurations (which they call “widgets”) which
model logic gates, and connect them using “wires”. Each widget requires a
specific type of neighborhood in the tiling in order to work properly. The
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Figure 2. The logical relationships between the three main
structures in de Bruijn’s construction of Penrose tilings.

technique relies on the non-constructive theorem that any patch which oc-
curs in a Penrose tiling occurs infinitely many times in that Penrose tiling
(and a copy of a patch is within a bounded distance, which depends on the
patch, of another copy of the patch). Hence, given any Boolean circuit and
any Penrose tiling which admits all the necessary types of widget environ-
ments, there exists an initial configuration which results in the computation
of the Boolean circuit; however, this initial configuration is not defined con-
structively.

2. The multigrid construction technique

We summarize here the multigrid technique due to de Bruijn [dB81] in
the case of Penrose tilings. While our description deals specifically with the
pentagrid/Penrose case, it should be easy to see how this technique can be
generalized to other “multigrids” and the corresponding aperiodic tilings.

Let ξ = e
2πi
5 , which corresponds via multiplication to a five-fold rotational

symmetry of C. Fix a vector γ = (γ0, . . . , γ4) in R5 such that γ0+· · ·+γ4 = 0.
For each j ∈ {0, . . . , 4}, define the “jth grid” Gj by

Gj = {z ∈ C | Re(zξ−j) + γj ∈ Z}.

The pentagrid determined by γ, which we denote Pγ , is the union

Pγ =
4⋃
j=0

Gj .

The pentagrid Pγ is said to be regular if the intersection of any three distinct
grids is empty, otherwise it is said to be singular.
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To each point z ∈ C we associate a vector K(z) = (K0(z), . . .K4(z)) ∈ Z5

whose jth coordinate indicates the position of z relative to the lines of the
grid Gi:

Kj(z) = dRe(zζ−j) + γje.

(This coordinate is the dominant Z5 lattice point adjacent to the open unit
cube

∏
j(Kj(z) − 1,Kj(z)).) Denote the image of K by Ωγ ⊂ Z5. We now

define φ : Ωγ → C by

φ(~k) = ~k · (1, ζ, ζ2, ζ3, ζ4).

The map φ is similar in spirit to an orthogonal projection onto the cutting
plane; we will occasionally refer to it as a projection.

Observe that in a small neighborhood of each point in the intersection of
two distinct grids, the map K takes on four distinct values in Z5, and these
four values are the coordinates of the vertices of a face of a unit cube in
R5. Thus, in a small neighborhood of the intersection of two grid lines, the
composition map φ ◦K gives four distinct points in C; these four points the
the vertices of a tile in the Penrose tiling Tγ associated to Pγ . (The tiling
Tγ is topologically dual to the pentagrid Pγ .) De Bruijn proves that every
tiling Tγ arising in this way from a regular pentagrid Pγ is a Penrose tiling,
and that conversely, every Penrose tiling arises in this way. (See Figure
2.) The reader is encouraged to consult de Bruijn’s comprehensive original
presentation for more details on these mappings ([dB81]).

Example 2.1. Figure 1.2 shows a small section of a pentagrid. Consider
the intersection of line 0 of grid G0 and line −1 of grid G4; call the point z.
In a small neighborhood of z, K takes on four distinct values:

K(z0) = (0, 1, 1, 0,−1)

K(z1) = (1, 1, 1, 0,−1)

K(z2) = (1, 1, 1, 0, 0)

K(z3) = (0, 1, 1, 0, 0).

Notice that K(z) = K(z0), the one lattice point that is dominated by each
of the others. We will refer to this cell index as the canonical address of the
tile described. It is useful to note, at this point, that the i and j components
of the canonical address identify the respective indices of the grid lines (line
0 of grid 0 and line −1 of grid 4) which intersect at z. Grid intersection z
corresponds to the thick tile whose four vertices have coordinates given by
the projection of these lattice points:

φ(K(z0)) = ζ1 + ζ2 − ζ4,
φ(K(z1)) = 1 + ζ1 + ζ2 − ζ4,
φ(K(z2)) = 1 + ζ1 + ζ2,

φ(K(z3)) = ζ1 + ζ2.
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2.1. Geometrical interpretation. Partition R5 into unit cubes in the
standard way; then each cube can be indexed by by a vector k ∈ Z5 by

identifying the open unit cube
∏4
j=0(kj − 1, kj) with ~k = (k0, . . . , k4). We

call ~k the canonical address of this open cube.
Let Mγ denote the 2-real-dimensional plane Mγ ⊂ R5 defined by

0 =
4∑
j=0

xj ,(1)

0 =

4∑
j=0

(xj − γj)Re(ζ2j), and(2)

0 = and
4∑
j=0

j(xj − γj)Im(ζ2j).(3)

De Bruijn proves that the set of vertices of a Penrose tiling Tγ arising

from a regular pentagrid Pγ is precisely the set of points φ(~k) where ~k runs
through those elements of Z5 whose open cube has nonempty intersection
with the plane Mγ .

We sketch here a proof of the equivalence of the pentagrid and cutting-
plane methods (i.e show that Ωγ is precisely the set of canonical addresses of
the open cubes in R5 which have nonempty intersection with Mγ) in order
to elucidate this connection. The five vectors

v0 = (1, 1, 1, 1, 1),

v1 = (Re(ζ0),Re(ζ2),Re(ζ4),Re(ζ6),Re(ζ8)),

v2 = (Im(ζ0), Im(ζ2), Im(ζ4), Im(ζ6), Im(ζ8)),

v3 = (Re(ζ0),Re(ζ−1),Re(ζ−2),Re(ζ−3),Re(ζ−4)),

v4 = (Im(ζ0), Im(ζ−1), Im(ζ−2), Im(ζ−3), Im(ζ−4))

form a basis for R5. Equations (1), (2), and (3) imply that for any point
x = (x0, . . . , x4) ∈ Mγ , the vector x − γ is orthogonal to the vectors v0,
v1, and v2. Hence x − γ = av3 + bv4 for some a, b ∈ R. Thus xj − γj =
Re((a− ib)ζ−j) for each j, or equivalently

dxje = dRe((a− ib)ζ−j) + γje.

It then follows from the assumption that γ is regular that Ωγ consists of
the set of canonical addresses of the unit cubes of R5 which have nonempty
intersection with the cutting plane Mγ .

Observe that as z crosses a line of grid Gj , the image K(z) moves to a

unit cell whose jth coordinate differs by 1. Hence, we may interpret the
four values K assumes in a small neighborhood of a point in the intersection
of Gi and Gj as the vertices of a face in (i, j)-plane of a unit cube in R5.
Consequently, each tile in the Penrose tiling corresponds to a unique face of
a cube in R5. We will refer to the tiles in Tγ that are the images of points
in Gi ∩Gj as (i, j)-tiles.
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3. Aperiodic automata

Our construction of automata on quasiperiodic exploits the periodicity of
the higher dimensional lattice. We use the bijection between the intersection
points of the multigrid and tiles of the associated tiling to determine a
cellular embedding of an automaton played on a “lattice” of tiles in the
quasiperiodic tiling. Once thought of in this way, the automaton, as it
plays out on the aperiodic structure, is simply the image of its periodic
counterpart. We wish to view grid intersections, faces of projected cells,
and tiles as fully interchangeable. We present the construction here in the
context of Conway’s Game of Life automata as a model of how other regular
processes may be embedded in aperiodic tilings.

3.1. The base automata. Let Pγ be a regular pentagrid with associated
Penrose tiling Tγ , and let i, j be any two distinct indices in {0, . . . , 4}. Since
the intersection of grids Gi and Gj of the pentagrid is a two-dimensional
lattice of points, it is natural to define automata on this lattice. We can
then use the bijective map from Gi ∩ Gj to the subset of Tγ consisting of
all (i, j)-tiles to determine a cellular embedding of the automaton in Tγ .
Specifically, each (i, j)-tile has eight “neighbors,” which are images of the
eight lattice points adjacent to the preimage of the tile in Gi ∩ Gj . The
state of all tiles not of type (i, j) is taken to be the quiescent state ?. The
“rules” for the cellular automaton on the original lattice then determine a
corresponding set of “rules” (via conjugacy with the embedding map) for
the automaton on the Penrose tiling. It is a clear then, that the traditional
Game of Life (which we may think of as played on the lattice Gi ∩ Gj)
is isomorphic to the Game of Life on the Penrose tiling induced by the
embedding into the set of (i, j)-tiles.

Since the (i, j)-tiles correspond to faces in the (i, j)-plane of unit cubes in
R5, we may equivalently take as our original automaton to be defined on the
dominant (i, j)-faces of the cubes in R5 which have nonempty intersection
with the cutting plane.

Locating neighbors. A convenient feature of this embedding is that
each (i, j)-tile can determine which eight tiles are its “neighbors” even with-
out knowing γ. In other words, given a finite patch of a Penrose tiling, we
may identify the neighbors of each tile without knowledge of the tiling in
its entirety – it requires only local (finite) knowledge. This determination is
possible because of “ribbons” of tiles with parallel sides.

Consider a fixed line ` in some regular pentagrid; say ` ∈ Gj . When z

crosses the line `, the effect on K(z) is to change the jth coordinate by 1.
Consequently, any tile corresponding to a point in ` has two edges which are
parallel to the vector ζ−j and two edges which are parallel to ζ−h, where
h is the index of the other grid which contains the point. Thus, the line `
corresponds to a “ribbon” of tiles which all have one pair of sides parallel to
the vector ζ−j . Consequently, for any pair of distinct indices (i, j), drawing
all the “ribbons” through all (i, j)-cells determines a two-dimensional grid.
The (i, j)-tiles are at the intersection of grid lines. To find the neighbors of
a tile, we thus proceed along the two ribbons passing through the tile until
we reach the closest (i, j)-tile in each direction. These are four of the eight
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Figure 3. Dark tiles: the lattice of (0, 4)-phenotype tiles.
The gray tiles form the ribbons of tiles that connect along
parallel edges. The white cells are the “open” regions deter-
mined by the (0, 4)-grid.

Figure 4. Using ribbons to locate the eight neighbors of the
central tile

neighbors; the remaining four neighbors are the intersections of the ribbons
which pass through these four tiles. See Figure 3.1 for an illustration.

3.2. Parallel automata. Every Penrose tiling exhibits ten different tile ori-
entations (5 rotations of both thick and thin rhombs) or phenotypes. These

directly correspond to the
(
5
2

)
ways that two of the five grids can intersect.
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(When i and j differ by 1 (modulo 5), each (i, j)-tile is a thick rhombus.
When the i and j differ by 2 (modulo 5), the corresponding tiles are thin
rhombuses. ) We have seen that the intersections Gi ∩Gj are in one-to-one
correspondence with nonperiodic “lattices” consisting of all tiles of a fixed
phenotype. In the base automata, we pick a fixed phenotype, set the state
of all tiles not of that phenotype to be the quiescent state ?, and essen-
tially play the automaton on the lattice consisting of only the tiles of that
phenotype. However, we may “play” distinct cellular automata in parallel
on the distinct nonperiodic “lattices” corresponding to distinct phenotypes.
For example, we could simultaneously play one Game of Life on the lattice
of (1, 2)-tiles and another Game of Life on the lattice of (1, 3) tiles. (Two
cellular embeddings into a tiling T are compatible if their ranges are dis-
joint subsets of T .) Define the neighbors of a tile are the eight neighbors
of the same phenotype, as in the base construction. Since the “lattices”
are disjoint, the parallel automata do not interact, and play out as if they
were in isolation. In the associated Penrose tiling, the grids of of different
phenotypes support independent interactions, allowing, for example, gliders
in the Game of Life to fly “through each other.”

The geometric interpretation of the tiles of a Penrose tiling as corre-
sponding to faces of 5-dimensional unit cubes allow us to think of the state
of a tile as being stored in the face of a 5-dimensional cell. A single R5

unit cell, with canonical address (k0, . . . , k4) is responsible for supporting,
on different faces, cell (k0, k1) in the (0, 1)-automaton, cell (k0, k2) on the
(0, 2)-automaton, etc. Thus, we may interpret an original automaton as
being defined on the faces of these five-dimensional cells.

3.3. Dominant automata. An alternative approach to defining automata
is to select one dominant (i, j)-phenotype, or equivalently a dominant face
(the face in the (i, j)-plane) of the 5-dimensional unit cubes. We think of
the state of that face as a shared feature of all the faces of the cube, so that
the cube as a whole is alive (or dead) if and only if that face of the cube alive
(or dead). We use the (i, j)-tiles (or faces) to determine which eight cubes
are the “neighbors” of a cube, and update the state of that cube according
to states of its eight neighbors. Thus, the state of all tiles corresponding to
a fixed cube is equal to the state of the dominant tile for that cube.

For example, if (1, 2) is the dominant phenotype, all tiles whose canonical
address is (r, s, ·, ·, ·) ∈ Z5 have the same state as the tile representing the
intersection of line r of G1 and line s of G2; these are the tiles corresponding
to all faces of the cube(s) cut by the cutting plane whose coordinates are
(r, s, ...). These tiles are those which are the images of all intersection points
z of the multigrid contained in the half-open parallelogram r−1 < K1(z) ≤ r
and s− 1 < K2(z) ≤ s.

We may think of the group of non-dominant tiles corresponding to a
dominant tile as the support of the dominant tile. These support regions
are delineated by ribbons (discussed in section ??). (Recall that a ribbon
corresponds to intersection points of the multigrid which lie along a line of a
grid.) In Figure 3.3, we see a glider configuration where the dark gray (0, 4)-
tiles simulate an automaton defined on the (0, 4)-pentagrid intersections.
The light gray tiles are tiles of other phenotypes whose canonical addresses
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Figure 5. A Penrose glider controlled by grids 0 and 4.
Dark tiles are (0,4) phenotype cells that control the state,
and light gray tiles support the interactions.

agree with nearby living dominant tile (see Figure ??). The astute reader
will see that these gray tiles form, along with their corresponding dominant
tile, a “half-open” region that includes portions of the ribbon that extends
through the dominant tile, but not the adjacent ribbons. Thought of in this
way, it is clear that from a support tile one can find its dominant tile and
vice-versa.

3.4. Interacting automata. To this point, we have considered variants of
two-dimensional automata that are embedded in the aperiodic tiling. We
might embed parallel automata in distinct “lattices” of tiles, but these au-
tomata do not interact. Another approach is to consider an automaton
defined directly in the higher dimensional space, in such a way that the
states of non-parallel faces of cubes may affect each other. Equivalently, the
neighbors of tiles in the tilings could be defined so as to include tiles of dif-
ferent phenotypes but to still reflect the geometry of the higher-dimensional
lattice. We do not consider this approach here.

4. Resilience

Our method for defining cellular automata on quasiperiodic tilings is re-
silient. By resilient, we refer to three distinct aspects of the automaton.

Firstly, the application of the rules is context free, i.e. local configura-
tions can be seen to evolve in the “same” way regardless of what patch of
the tiling they are located in. This position independence is crucial to the
notion of movement of a configuration (such as a glider) within the tiling.
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Figure 6. Sixteen generations of a “glider” as in the “dom-
inant automata” construction. The dominant tiles are the
dark tiles, while the gray supporting tiles are the projection
of the other faces of the five-dimensional cubes that support
life. The configurations in each column of the figure are the
projection of the “periodic” glider in the same orientation.

This property allows the transmission of information from one point to an-
other. Most proofs of Turing equivalence depend on being able to deliver
signals from one area to another. The computation is resilient in that it is
independent of position within the tiling.

Secondly, we may think of the automata defined in this was as being
resilient to aperiodic errors in an otherwise regular lattice. We have seen
that all the (i, j)-tiles form a “lattice”; the non-(i, j)-tiles may be interpreted
as errors or perturbations in a periodic lattice. In this sense, the cellular
automaton is essentially one defined on a lattice in a way that is resilient to
aperiodic type errors.

Thirdly, we only need local knowledge of the tiling in order to compute
the evolving states of cells in that area. Sufficiently close (regular) values of
γ generate tilings Tγ which agree on arbitrarily large patches. Thus, only
needing local knowledge of the tiling is equivalent to saying that we only
need to know γ (which may be irrational or even transcendental) up to a
finite level of precision. Thus, if we wish to perform a finite computation in
a tiling which is the image of the map γ 7→ Tγ , the result of this computation
is invariant under small perturbations in γ.
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cubes that have addresses k0 = 0 k4 = −1 act in concert, but
only those sliced by the cutting plane are visible through the
light gray area.

Resilience, particularly in the third sense, is an answer to the problem
of (finite) computability using a medium which by nature requires infinite
amounts of data to describe precisely. It may be seen as the opposite of
sensitive dependence on initial conditions. Thus, finite information about
a infinitely-complex tiling (or cellular automaton) is sufficient for accurate
computation if all cellular automata which are the same up to a finite set of
descriptors give the same result for finite computations.

5. Future Work

Future work will investigate cellular automata on nonperiodic tilings aris-
ing from singular multigrids. Work by Conway ([GS89], Chapter 10) catalogs
the types of defects that might be expected to appear in tilings that corre-
spond to de Bruijn’s singular pentagrids. These defects occur at locations
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where the cutting plane mentions a lattice point. We should investigate
how to define cellular automata at these singular points, and whether they
can be realized as limits of the dynamical systems corresponding to regular
multigrids.

While our gliders appear to be a projection of similar structures that play
out in higher dimensions, it is less clear that this is the case in previous work
by others. It would be interesting to see if there is some correlation between,
say, gliders of the various systems.

In some way, this work may be seen to have skirted the problem of aperi-
odicity by identifying (somewhat) periodic structures occurring within the
aperiodic tiling. We view the observation that nonperiodic substrates may
contain “periodic” grids even if there are intervening defects, or that “sup-
port” cells may be grouped to form a periodic lattice, as a fundamental
observation of this work. It is less clear how to induce a periodic struc-
ture in more amorphous tilings. Still, we believe this work may give future
researchers some motivation to determine ways that, say, self-organizing
structures can form “periodic” grids even if there are intervening defects.

6. Conclusion

As researchers consider computation in less regularly structured media it
will be useful to consider how even simple models of computation – includ-
ing cellular automata – might be developed. We imagine, for example, the
potential for computation – say, a programmable tattoo– in a biological sub-
strate. For such a system to be resilient, it seems necessary that we develop
computation based on a self-organized substrate. This work describes how
we take the first step towards amorphous computation by developing cellu-
lar computation on any nonperiodic tiling that is the result of the general
projection technique.
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