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Poincare initiated the geometric analysis of phase portraits of planar vec-
tor elds in his thesis [Poincare 1880]. The conceptof structural stability
[Andronov and Pontry agin 1937]formalizesthe ideathat a phaseportrait is
gualitativ ely unchangedby perturbations. On compactorientable two dimen-
sionalmanifolds, structurally vector elds havea nite number of equilibrium
points and periodic orbits, and all trajectoriesapproad thesein forward and
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badkwardstime [Peixoto 1962]. The phaseportraits of thesestructurally sta-
ble vector elds canbe classi ed by graphswith verticesat the equilibria and
periodic orbits, labeled by their stability type, and edgeslocated near sepa-
ratrices that connectsaddlesto sinks and sources. Numerical computation
of the data cortained in thesegraphsis often a routine matter and a reliable
one,unlessthe vector elds arenearstructural instability. On the other hand,
rigorous veri cation that numerically computed phaseportraits are correct
has seldombeenattempted or accomplished.This paper preseits a general
approad to the problem of producing computer generatedproofsfor the cor-
rectnessof phaseportraits for structurally stablevector elds. This approad
was initiated by Salvador Malo [Malo 1993],and is further deweloped here.
The algorithms that we descrike have beenimplemerted and tested with a
few examples.They have beene ectivein producing the desiredproofs, per-
hapsfar more so than other methods that have beenattempted with these
typesof problems.

The di cult y with producing rigorous bounds on the location of trajec-
tories liesin the growth of error estimatesduring highly iterativ e procedures.
Numerical integration algorithms of a typical trajectory may involve thou-
sandsof time stepsin sud an iterative procedure. Controlling round o
errors of oating point computationsin sud a processis problematic. Suc-
cessfule orts to prove statemens about the approximate location of tra jec-
tories have tendedto rely upon very high numerical precisionof the numerical
integration asan antidote to the rapid growth of error estimates. Sud precise
numerical analysishasbeenbasedon the useof interval arithmetic. The ba-
sic operations of interval arithmetic produceintervals that cortain the range
of a function on rectangular domains. Our methods for proving properties
of planar vector elds also make use of interval arithmetic, but they do so
in a much more limited way. In particular, we refrain from iterative cal-
culations with interval arithmetic. Geometric structures are computed that
we expect to possesgjualitativ e properties (lik e transversality) with respect
to the original vector eld. Validation of these properties utilizes interval
arithmetic, but the computational complexity of ead unit of interval arith-
metic computation is independen of time stepsor the resolution with which
piecewisesmaoth objects are computed. When ner meshesare usedto com-
pute these piecewisesmaoth objects, the number of independen estimates
that are performed with interval arithmetic increases,but the number of
arithmetic operationsin ead estimate remainsunchanged.



The problemsthat we discusshave been onesthat have beenvery re-
sistart to analysis. For example,Hilb ert's sixteerth problem [Hilbert 1902]
concerningboundsfor the number of limit cyclesof planar polynomial vec-
tor elds appearsto be far from solution, even for quadratic vector elds.
There are many examplesof vector elds whosephaseportraits have been
establishedthrough rigorous argumerts, but the processof deriving a phase
portrait from an analytic expressionof a vector eld remains mysterious.
Indeed, the di cult y of the subject hasbeendeceptive. Many publishedre-
sults and proofs have beenlater discoveredto be awed, including Dulac's
work [Dulac 1923]on singular cyclesof analytic planar vector elds and the
work of Petrovskii and Landis on Hilbert's sixteerth problem. Analytic argu-
merts to reestablishthe proof of Dulac's Theorem are complexand delicate
[II'y ashenlo 1991,Ecalle1993].

The logical structure of our argumeris may appear to be somewhatcon-
fusing in relation to ideas of \constructive" mathematics, and a few com-
merts at the outset may help put the matter into perspective. We regard
the computer as an \oracle" which we ask questions. Questionsare formu-
lated asinput data for setsof calculations. There are two possibleoutcomes
to the computer'swork: (1) the calculationsrigorously con rm that a phase
portrait is correct, or (2) the calculationsfail to con rm that a phasepor-
trait is correct. The application of interval arithmetic to a given input data
setinvolvesa boundednumber of operationsthat can be readily estimated.
Thus, this phaseof the analysisdoesnot su er from a halting problem. In
the secondcase,one can changethe input data and try again. The theory
that we presen statesthat if one beginswith a structurally stable vector
eld, thereis input data that will yield a proof that a numerically computed
phase portrait is correct. Howewer, this fails to be completely conclusive
from an algorithmic point of view becauseone has no way of verifying that
a vector eld is structurally stable in advanceof outcome(1). Thus, if one
formulatesa setof trials of increasingprecision,the computerwill evertually
produce a proof of the correctnessof a phaseportrait for a structurally sta-
ble vector eld. Presertied with a vector eld that is not structurally stable,
the computation will not con rm this fact. It will only fail in its attempted
proof of structural stability. Howewer, note that the numerical precursorsto
the interval arithmetic calculations can also be expectedto fail to produce
trial data asinput for the interval arithmetic procedures.Pragmatically, we
terminate the calculation whenthe computer producesa de nitiv e answer or



our patienceis exhausted.

The situation descriked in the previous paragraph is analogousto the
guestionof producing a numerical proof that a cortinuousfunction hasa zero.
If a function changessign, then computing valueswith su cient precision
will determinethat this fact. The intermediate value theorem completesthe
proof that the function hasa zero. If there is a zerowith alocal maximum or
minimum at a number that is not explicitly computable,then we will not be
able to determinethe existenceor non-existenceof a zeroby a computation
of xed length. For example, the functions f . (x) = (x — )2+ will be
indistinguishable by numerical calculations of xed length for numbers of
su cien tly small magnitude. Numerical proofs that a function vanishescan
be expectedto succeednly whenthe function hasqualitativ e propertiesthat
can be veri ed with nite precisioncalculations.

From an abstract perspective, the problem of verifying the correctnessof
the phaseportrait of a structurally stable planar vector eld seemstrivial:
simply increasethe accuracy of error estimatesfor numerically computed
trajectories. On further re ection, the matter appears more complicated.
The numerical computations involve both truncation and round-o errors.
As truncation errors are reduced by decreasingstep sizes,the number of
arithmetic operations and error estimatesmay grow due to the larger num-
ber of operations. Thus, simultaneousincreasein the number of step sizes
and the oating point precisionof individual operations might not produce
error estimatesfor trajectoriesthat improve with increasingprecisionin the
calculations. The number of arithmetic operations in the individual com-
puter generatedestimatesusedin this paper do not increasein length with
increasingprecision. Thus, they are an improvemern upon estimatesfor the
accuracyof a numerical integration. With increasingprecision, more esti-
mates needto be made, but the number of arithmetic operations in eah
remains xed. Nonethelessthere is still a dependencyof the proofs on nu-
merical integration sincethe input data for the veri cation routines comes
from numerical integration. For our proceduresto work with vector elds
that approad the boundary of structural stability, the (unveri ed) accuracy
of this data must improve with increasingprecision. It is the proceduresfor
producing proofsfrom accuratenumerical integrations that are free from the
uncortrolled growth of round-o errorswith increasingly ne discretizations.

This paper treats only the caseof planar vector elds, though the meth-
ods are applicablewith increasingcomplexity to higher dimensionalsystems.



We do this for two reasons. First, structural stability is not a denseprop-
erty of in the spaceof vector elds on manifolds of dimension larger than
two. Second the topologicaland computational complexity increaserapidly
with dimensionunlessthe dynamicsof a high dimensionalsystemreduceto
those of a low dimensional system. This is particularly true when a sys-
tem possesseshaotic invariant sets. Facedwith thesedi culties, we have
endeaored to preser our strategy in the simplest possiblesetting. As is
evident from the generallack of progresson Hilb ert's sixteerth problem, the
mathematical questions asseiated with this domain of problems are still
formidable. Farzaneh[1995]has succeededn using methods basedon the
strategy preseited hereto validate the existenceof stable periodic orbits in
the three dimensionallLorenz system[Lorenz 1963].

2 Background

We recall facts about planar vector elds in this section. Two ows are
topologically equivalentif there is an orientation preservinghomeomorphism
mappingtrajectoriesof oneonto trajectoriesof the other. A ow is saidto be
structurally stableif C! perturbations of the o w are topologically equivalert

to the original ow. Structurally stable ows on orientable compacttwo di-

mensionalmanifolds were characterizedby Peixoto [Peixoto 1962],following

earlier work for ows on the disk by de Baggis[deBaggis1952,Reixoto and
Peixoto 1959]:

Theorem 1 A C” vector eld on a compact two dimensional manifold is
structurally stableif and only if:

1. there are a nite numkber of equilibrium points and periodic orbits, each
hyperholic

2. there are no trajectories connecting sadde points

3. the nonwanderingset of the ow consistsentirely of equilibrium points
and periodic orbits

Remark: We shall focus most of our attention on planar polynomial vec-
tor elds. Sincethe plane is not compact, one has the choice of studying
the properties of thesevector elds in a compactregion[Peixoto and Peixoto



1959]or compactifying the vector elds to polynomial line elds on the pro-
jective plane or vector elds on the two dimensionalsphere[Lefsdetz 1957].
Sincethe conceptof structural stability only dealswith the geometryof the
singular foliations produced from a vector eld or line eld, we can apply
Peixoto's theorem in this setting. In particular, we shall be concernedwith
planar vector elds that have a nite number of equilibria and periodic or-
bits, ead hyperbolic, and have no saddleconnections.Ignoring the issuesof
compacti cation, we shall call thesevector elds structurally stable.

De nition 1 The spine of a planar vector eld with hypertolic equilibria
is the set consisting of its equilibrium points, periodic orbits and the stable
and unstable manifolds of the sadde points. Two spines are topologically
equivalent if there is a homemorphism of the plane mapping one to the
other, preservingthe stability types of equilibria and periodic orbits.

Theorem 2 If two planar vector elds with hypertolic equilibria havetopo-
logically equivalentspines,then they are topologically equivalent.

In accordwith this result, the main thrust of our work is to determinethe
topologicalequivalenceclassof a spine. The spineof a vector eld is almosta
graph. The limit setsof the saddleseparatricesare either equilibrium points
or periodic orbits. Spinesfail to be graphs becauseseparatricestending
to periodic orbits have in nite length. Still, a spineis a nite union of
curves and equilibrium points that we shall regard as a conbinatorial and
topological object. We shall say that we have (rigorously) determined the
phaseportrait of a planar vector eld if we have provedthat its phaseportrait
liesin a speci ¢ topological equivalenceclass. From a computational point
of view, what needsto be done is to verify the number of equilibria and
their stability types,the number and stability typesof periodic orbits and to
con rm the topologicallocation of the saddleseparatricesn the complemen
of the equilibria and periodic orbits.

The least tractable part of determining the phaseportrait of a planar
vector eld involvesperiodic orbits. Sinceall hyperbolic periodic orbits of a
planar systemare either stable or unstable, they can be located by forwards
and badkwards numerical integrations. The di cult y liesin con rming that
thesenumericalintegrationsare correct. There arethree resultsabout planar
vector elds that we shall usein theseargumerns:



1. The Poincare-BendixsonTheorem
2. Du 's theory of rotated vector elds
3. Floquet theory for periodic orbits

The Poincare-BendixsonTheoremis a fundamenal result concerningthe
limit setsof trajectoriesfor planar vector elds. One statemen of the theo-
rem is the following.

Theorem 3 (Hirsc h and Smale 1974) A nonempty,compact limit setof
a C! planar vector eld, which contains no equilibrium point, is a periodic
orbit.

Our application of the Poincare-BendixsonTheorem will be basedupon
surrounding a numerically computed (un)stable periodic orbit with an an-
nulus that hasthe property that the vector eld points transversally out of
or into the annulus on its boundary. We formalize this conceptwith the
following de nition:

De nition 2 If X is a planar vector eld and A ¢ R? is an annulus, then
A is called a transv erse annulus if

1. The boundary of A is a piecewiseC! curve.

2. X is transverseto the boundary of A with X pointing out of A on both
boundary componentsor pointing into A on both boundary components
of A.

3. X hasno equilibrium points in A.

At a point where the boundary of A is not smooth, transversality with
respect to the boundary is de ned by the requiremen that X or —X lie in
the sector bounded by the left and right tangerts of the boundary curves
that points towards the interior of the annulus. The Poincare-Bendixson
Theoremimplies immediately that a transverseannulus cortains a periodic
orbit of X. We make a further de nition:

De nition 3 A transverseannulus A for X that contains a single periodic
orbit is called an isolating annulus for



Our computations of transverseannuli will be accomplishedin two dif-
ferert ways, both relying on additional results about two dimensionalvector
elds. The rst of thesemethods is basedupon the theory of rotated vector
elds [Du 1953]. Considerthe following family of planar vector elds:

coq )f 1(X1;X2) — sin( )f2(X1;X2)
sin( )f1(X1;X2) + cog ) 2(X1;X2)

X1

X1

that is obtained by rotating the vector eld x = f (x). Du [1953]proves
that the ow of the rotated vector elds have the following properties:

1. The equilibria of the rotated vector elds are independen of

2. If is not a multiple of ; then the ow of the rotated vector eld is
transverseto that of x = f (x), exceptat their equilibria.

3. Hyperbolic limit cyclesof the rotated vector elds vary continuously
and monotonically with

4. 1f | — 5 is not a multiple of ; then the limit cyclesof the rotated
vector elds for ; and 5 aredisjoint.

Rotated vector elds will be usedin the computation of regions that
bound saddle separatricesfor structurally stable vector elds. Eacd stable
manifold of a saddlehas -limit set that is an unstable equilibrium or an
unstable periodic orbit. Similarly, eat unstable manifold of a saddle has
I -limit setthat is a stable equilibrium or a stable periodic orbit. Our goal
is to verify that the -limit setsof stable manifolds and the ! -limit sets of
unstable manifolds are the equilibrium points or periodic orbits found in a
numerical computation. Assumethat we have computedan isolating annulus
for eat periodic orbit and a disk surrounding eat (un)stable equilibrium
that liesin its (un)stable manifold. The eigendirectionsof a saddlepoint in
a rotated family vary monotonically with the angle of rotation. Moreover,
the separatricesof one memnber of a rotated family are transverseto the
trajectories of other menbers of the family. Considera segmenh , of a
stable manifold de ned on the time interval [-T;oc0) or a segmeh , of
an unstable manifold de ned on the time interval (—oo; T] that extend to
the isolating neighborhood U of its  or ! -limit set. For small rotations,



the correspnding separatrix segmets of the rotated vector elds will be
mutually disjoint and enter U. Thereforethe separatricesof rotated vector
elds with small positive and negative rotation anglesbound a strip S in the
complemen of U sothat SUU cortains the separatrix of the original vector
eld. Moreover, the trajectories of rotated elds that lie on the boundary
of S make a constart angle with the original vector eld. Verifying the
transversality of the boundary of S su ces to prove that the original saddle
separatrixerters U. Useof rotated vector elds to rule out saddleconnections
of a planar vector eld hasbeendiscussedextensiwely by Malo [1993].

Du 's theory implies that limit cyclesof rotated vector elds for small
positive and negative anglesof rotation will form the boundary of an iso-
lating annulus for a periodic orbit. Sincethe property of being a transverse
annulus is an open property (with respectto the C! topology of its boundary
componerts), we expect that numerical appraximations to the limit cyclesof
rotated vector elds will form satisfactory boundariesfor transverseannuli.
Howeer, veri cation that an annulus is isolating for a limit cycle seemsto
be more complexthan verifying the transversality of the boundary compo-
nerts, sowe useanother technique to verify uniquenesf the limit cyclesin
annulus. The method entails the introduction of special coordinate systems
that we call Floquet coordinates.

De nition 4 Let bealimit cyclefor a planar vector eld X . An annular
coordinate system : S!' x R — R? with coordinates (u; V) is called a system
of Flo quet coordinates for if it hasthe following properties:

1. If x € ,then is denedin a neightorhood of x, v= 0, v= 0 and
u= 1

2. 92 and 2% are perpendicular at (u; 0).
3. Foru xed, (u;v)isanane function ofv.

4. The variational equations(D ) Y(DX)(D ) of X in the coordinates
are constant alongthe u axis ().

The rst three of theseconditions state that is a normal bundle to

Theorem 4 A periodic orbit of a smath vector eld hasa systemof Floquet
coordinates.
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In the next section,we descrile an algorithm for numerically computing
Floquet coordinates.

3 Numerical Computation of Floquet Coor-
dinates

As input for the interval arithmetic computations we descrile later, we need
arepresemation of an approximate Floquet coordinate system. Let g : St —
R? be a periodic orbit of the planar vector eld X de ned by the equation
x = f(x). Denoteby f?(x) the vector obtained by rotating f (x) by =2.
A parametrization of the normal bundle of g is given by (u;v) = g(u) +

k(u)f ? (u)v for any smaooth positive function k : S' — R. Suitable choices
of k will make ! a Floquet systemof coordinatesin a neighborhood of g.

Thesek are determinedby the following di erential equation.

Theorem 5 If x = f (x) de nes a planar vector eld X with periodic orbit
gand (u;v) = g(u) + vexp( (u))f?(u) is a parametrization of a tubular
neightorhood of g, then the divergene of X in the (u;v) coordinatesis given
by

d N f?Dff? _ fDff

du f.f f.f
along the periodic orbit v = 0.

Proof: The vector eld X in the (u;Vv) coordinatesis (D ) f o . Setting
h = exp( )f?, we compute

g?(u) + vh9(u) hy(u) |
gd(u) + vhi(u) hy(u)
and !

D) != 1 ha(u) —hy(u)
( T det  —(g2(u)+ vh(u) go(u) + vho(u)

with det= (g2(u) + vh(u))hy(u) — (g3(u) + vh3(W)h(u). Thus

D

(D ) 'f = 1 ho(U)f; — hy(U)f,
det  —(g9(u) + vhd(u)f, + gO(u) + vho(u)f,
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and
|
. @ hy(u)f; —hy(u)fy
l g —_—
div(iD ) fo ) = @ et + |
@ —(g3(u) + vh(u)f, + (g(u) + vhi(u))f,
@ det
Along the periodic orbit v = 0,
! !
o N
99 fo

and
det = hgfl—hlfgz eXp( )f -f

Thereforev = 0 implies —gf, + g%, = 0 and

1
©@ —gd(u)fi+ giu)f, | hdf, —hify

div(D ) f o )

@ det det
_gg%J’g?%Jr h3f, — hf,
exp( )f -f det

_ f?.Dff? f.Dff

B f.f f.f

The last calculation usesthat
@
—(f o Y= Dfh
al )

and
ho= (exp( )f? o )°= h+exp( )(Dff)’

along the periodic orbit v = 0.

This theoremgivesa variational equationthat we usefor the computation
of Floquet coordinates. In the Floquet coordinates, div(D ) f o ) is
constart along the periodic orbit. Sincethe Lyapunov exponert is the
integral of this quartity alongthe periodic orbit, we must have

o_ f7-Dff? f.Dff
o f f.f T
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whereT is the period of the periodic orbit. If valuesfor and T are known,
then the data neededfor the computation of Floquet coordinatesis obtained
by integration of this di erential equationalongwith the equationx = f (x).
If numerical integration of x = f (x) together with its variational equation
—= Df () producesan appraximation of the limit cycle, its period and
Lyapunov exponert, then a further numerical integration of the equation for

producesall of the data required for construction of a coordinate system
that appraximates the Floquet coordinates.

4 Interv al Arithmetic

The numerical data generatedby numerical integrations of the original vec-
tor eld, its variational equations,rotations and the asseiated equation for
constructing Floquet coordinates, are discrete represetations of cortinu-
ous objects. Proofs of global properties for planar vector elds basedon
transversality rely upon smooth functions. The transition from discretedata
to smooth functions is madeby interpolation. Piecewisepolynomial and ra-
tional functions will be createdfrom the numerical data, and their properties
investigatedwith interval arithmetic. In all casesthe desiredproofs will be
reducedto a set of computations shaving that the rangesof the constructed
functions do not cortain zero. This is \the" standard problem of interval
arithmetic, and there is substartial theory and practice is organizing these
range computationsto be asaccurateand e cient aspossible. The rigorous
bounds of the range computations achievable in the implemertation of the
algorithms descriked in this paper are important, but incidertal to the the-
ory. This sectionassumeghat if F is a rational function that is positive on
a rectanglein the plane, this fact can be veri ed using interval arithmetic

computations.
The numericalimplemenation of interval arithmetic is basedupon a setof
functions F;(l4;:::; 1) whoseargumerts and valuesare intervals of real num-

bers. The intervals may have zerolength. For ead F;, there is a real valued
function F; : R¥ — R with the property that if x;, € I, fori = 1---k, then
F;(x1;::xg) € Fi(14; 25 1). For the interval arithmetic computationsusedin
this paper, it su ces to takeF; that correspndto the basicarithmetic opera-
tions of addition, subtraction, multiplication and division. Directed rounding
operations from the ANSI/IEEE 754-1985Arithmetic Standard are usedin
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an implemertation of the functions F;. To program the interval arithmetic
calculations, a lexical analysis of compound arithmetic expressionswritten
in the computer languageC (produced by the Unix utilit y functions lex)
is transformed (with the Unix utilit y yacc) to programsbuilt upon a small
library of interval arithmetic ewvaluations of the basic arithmetic operations.
The libraries and lex/y acc programsthat we use were written by Salhador
Malo [1993].

There are two typesof calculationsthat we perform with interval arith-
metic. In the rst, the transversality of a vector eld x = f (x) to a piecewise
polynomial curve is computed. The piecewisepolynomial curve (u) comes
either from numerical integration of a rotated vector eld, or it comesfrom
an explicitly de ned curve in a piecewisepolynomial coordinate system. In
either casethe transversality calculation for a polynomial vector eld takes
the form of verifying that the functions qu) - f ( (u)) do not vanish. If f
is polynomial, then this requirescomputation of the range of the piecewise
polynomial function 9qu) - f ( (u)). Algebraic methods could be used as
an alternative to interval arithmetic computation for this purpose;however,
this paper doesnot explore methods other than interval arithmetic for these
computations.

Our secondype of interval arithmetic computation beginswith piecewise
polynomial coordinate transformation of a vector eld and then evaluates
expressiongnvolving the derivatives of the vector eld in the transformed
coordinates. If x = f (x) is apolynomial vector eld and( ) !isapolynomial
coordinate systemfor a region of the plane, then the transformedvector eld
(D ) f o ) andits divergenceare rational functions. Therefore,interval
arithmetic ewaluation of these expressionscan be carried out as a sequence
of interval arithmetic evaluations of basic arithmetic operations. The goal
is to compute the integral of the divergenceof a vector eld in Floquet
coordinates. There is a small technical problem that we encourter here. If
the transformed vector eld is only piecewisesmooth, then its divergence
may be singular. Discortinuous changesin the vector eld may cortribute
to the stability of the limit cycle. To obtain a cortinuoustransformed vector
eld having divergencewith only simple jump disconinuities, the coordinate
transformation should be C!.

To reducethe complexity of the divergencecalculations, we rescalethe
vector eld slightly sothat v is idertically 1. Thus a continuous line eld
transverseto a periodic orbit is presened, and the divergenceof the vector
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eld becomes@=@. Usingthis approad, we canuseC’ coordinate systems
sinceall that needsto be calculatedis whetherthe ow expandsor cortracts
in the v coordinate direction.

We use coordinate patchesthat are basedupon cubic interpolations of
the vector eld and have total degreed in both coordinates. The cubic inter-
polations employed here rely upon the availability of the tangert direction
to trajectoriesfrom evaluation of the vector eld. Let x = f (x) be a smooth
vector eld, and let py;---;p, be n + 1 points obtained from application
of a numerical integration procedurewith constart time step  applied to
f . Construct a C! cubic interpolating polynomial that passeshrough the
computed points p, and has derivativesf (p,) at thesepoints. If the time
interval of this trajectory segmen is translated so that its origin becomes
(2n + 1) =2, then the domain of the function interpolating betweenp, and
p.+1 Will be [ =2; =2]. The coe cients of this interpolating polynomial
ap + a;X + axx? + azx?® are given by

2 = S(Puit P — g (Pre) ~ ()

a = (P =P 51 (Ba) + (0
a = frac2(f(p.) -1 (p)

B = (P — P+ S (D) * T (D)

This interpolation formula is usedto computea piecewisecubic curve g(u)
appraximating the numerically computed periodic orbit of the vector eld
x = f (x). A piecewisepolynomial coordinate system (u;Vv) = g(u) + vh(u)
is then constructed where the curve h(u) has the form c(u) (g”)qu) and
c(u) is the linear interpolation betweenthe numerically computed valuesfor
exp( (p.) andexp( (p..1)- Thush and are cubic functions of u and is
ane in v. When computing the transformedvector eld (D ) f o , the
commondenominator of this rational function is det((D )). To simplify our
calculations, the vector eld is scaledsothat the u componert is identically
1. Thus the rescaledvector eld is f~ = (1;dv=du). The trajectories can
be parametrized by u and the lines given by constart u and varying v are
presened by the ow of . Note that f~is still a rational vector eld if f is
polynomial. The degreeof f~is boundedby b= (deg(f) + 1) deq ) —1. To
demonstratethe existenceof a periodic orbit of f7 it su ces to determine
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the sign of the v component of f~along curvesde ned by v = + . If this
componert newer vanisheson the two componerts, but has opposite sign on
the two, then the Poincare-BendixsonTheorem implies the existenceof a
limit cyclein the annulus boundedby thesetwo curves.

Sincethe functions h(u) have valuesdeterminedby f (p,), hu) may be
discortinuous aswe move from one patch to the next. Thus the transformed
vector eld may be discortinuous, and the derivative of its return map might
have cortributions comingfrom the discortinuities in addition to the integral
of the divergencealong trajectories. Nonethelessthe integral of the diver-
genceof f~ determineswhether segmets parallel to the v axis are expanded
or cortracted. Note that the divergenceof f~is (u;v) = @dv=du)=@. Flow-
ing from the boundary of one coordinate patch to the next, the integral of

(u; v) calculatesthe rate at which in nitesimal trajectory segmets in the
v direction are cortracted or expanded.If < (>) 0 doesnot changesignin
a neighborhood of the limit cycle, then all initial conditions are cortracted
(expanded) towards ead other in the v direction. In particular, only one
limit cycle can occur in the neighborhood.

5 An Example

We discussthe application of the proceduredescriked in the previoussection
to prove the existenceand uniquenessof a limit cycle for the following cubic
vector eld:

z=exp(i)z—( +i )z|z]*+ Z°

with parametervalues( ; ; ) = (1:05530:09;1:2). This family of vector
elds arisesin the study of Hopf bifurcation of periodic orbits with charac-
teristic multipliers +i [Arnold 1977]. There have beenintensive numerical
studies of the dynamics displayed by this family [Beres@skaya and Khib-
nik 1980, Krauskopf 1993]but the system has resisted analytical attempts
to fully characterizeits dynamics. In oneregionof the ( ; ; ) parameter
space,the system has a pair of concetric limit cycles. Malo [1993]used
rotated vector elds to producea pair of rigorously veri ed transverseannuli
for theselimit cyclesat the parametervalues( ; ; ) = (1:07030:1; 1:2).
Uniquenessof the limit cyclesin ead of these transverse annuli was not
proved. Malo also usedrotated vector elds to prove the non-existenceof
limit cyclesfor parametervalues( ; ; )= ( =4;2;3) by proving that there
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are strips cortaining trajectoriesthat connectthe four sinksto in nit y and
to the sourceat the origin.

We study this family further by exhibiting an isolating annulus for a pe-
riodic orbit at the parametervalues( ; ; ) = (1:05530:09, 1.2) that are
closeto those where there are a pair of limit cycles. The singlelimit cycle
at theseparameter valueshas period 3:394537and characteristic multiplier
—2:101615095.There are large segmets in regionswhere the divergenceof
the vector eld is positive and large segmets in regionswhere the diver-
genceof the vector eld is negative. Figure 1 shows the limit cycle together
with the circle on which the divergenceof the vector eld is 0. Thus, es-
tablishing the stability properties of the limit cyclerequirescareful analysis.
We perform this analysis by computing a piecewisepolynomial system of
appraximate Floquet coordinates. The numerical integration of the vector
eld is accompaniedby solution of the variational equationthat determines
the function usedin the construction of Floquet coordinatesaswell asthe
solution of the \standard" variational equationsthat are usedto determine
the characteristic multiplier of the trajectory. The numerical integrations
were performed with a fourth order Runge-Kutta algorithm with the step
size = 0:0001697265518djusted sothat the length of the limit cyclewas
20;000time steps. The data from thesenumerical calculations provided the
input for the calculation of the Floquet coordinate system.

The transformation to Floquet coordinates and calculation of the diver-
genceof the rescaledvector eld was implemerted in a C program that
employed interval arithmetic. Ead segmeh of the numerically computed
limit cycle was approximated by a cubic curve g(u) whosetangert was the
(numerically) computed value of the vector eld at the end points of the
segmeh The normal bundle to this computed curve was parametrized in
the form g(u) + vk(u)gqu) wherek(u) is a linear function that interpolates
the valuesof exp( (u)) numerically computedfrom the variational equations
for the vector eld. In eat segmen of length , we performed interval
arithmetic calculationsto estimate the divergenceof the vector eld in the
annulus de ned by |v| < 10 °. To estimate the range of the divergence
function more accurately we partitioned the domain [— =2; =2]of u into
ten subintervals |; and performed a single interval calculation of the di-
vergencefor the rectangle (u;v) € 1, x [-10 *;10 °]. Over much of the
limit cycle these produce estimatesof the divergencethat lie in the range
[-0:63 —0:61]. Near the points where the limit cycle is farthest from the
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origin, the estimated range of the divergencebecomedarger, with extreme
valuesin the interval [—0:780663 —0:444572].Nowhere doesthe divergence
of the transformedvector eld comecloseto the origin relative to its average
divergence—0:6191168619.We concludethat the vector eld hasat most
onelimit cyclein the annulus |v| < 10 5. To prove the existenceof a limit
cycle in the annulus |v| < 10 °, we performed interval arithmetic calcula-
tions of the v componernt of the transformed vector eld on the boundary
componerts of the annulus. To obtain veri cation of the transversality con-
ditions in this coordinate system,we had to nely partition eat segmen of
the the piecewisecubic curve de ning the boundary betweentwo of its knot
points. Each segmeh was subdivided into 2000subsegmets. The computed
value of the u componert of the transformed vector eld before rescaling
is appraximately 40, so the expected length of its v componert is appraxi-
mately 0:62-40-10 5 = 0:000248.The computedintervals lie in the rangel-
0.000381,-0.0000836h the boundary v = 0:00001and [0.0000821,0.000380]
on the boundary v = —0:00001. Thus, the coordinate transformation to
Floquet coordinates producesan annulus in which the interval arithmetic
calculations prove that the vector eld of this example has a unique limit
cyclein the isolating annulus.

To complete veri cation of the global properties of this phaseportrait,
there are three remaining tasks:

1. prove that the -limit set of the stable manifold of a saddle point is
the origin,

2. provethat the ! -limit setof the unstablemanifold of a saddlepoint has
oneseparatrix tending to the periodic orbit and one separatrix tending
to a sink, and

3. provethat thereis atrajectory connectingin nit y to the periodic orbit.

For ead of thesetasks, we userotated vector elds to nd curvestransverse
to the vector eld that form corridors trapping the vector eld in the appro-
priate region. In addition to the interval arithmetic calculationsthat proceed
in a similar fashionto thosefor establishingthe existenceof an isolating an-
nulus, it is also necessaryto make local argumeris about the properties of
the equilibrium points, and to estimate a region at region at in nit y which
cortains no periodic orbits.
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The radial componert (zz + z)=2 of the vector eld is positive inside the
disk of radius 0:67 certered at the origin, soall trajectoriesentering this disk
have the origin as -limit set. The derivative of the vector eld at the saddle
point located at appraximately (0:5678250:43735)is approximately

|

138 -1:33
~2:05 —0:58

The eigervaluesare appraximately 2:32 and —1:52, and the eigervectorsare
appraximately (0:82, —0:58) and (0:42,0:93). For rotation anglesin the in-

terval (—0:1; 0:1), the eigervaluesremain well away from the imaginary axis
and the eigervectors stay far from the coordinate axes. This implies that

initial conditions that are vertically above and belowv the saddle point and
initial conditions that are right and left of the saddle point can be used
to for the computation of corridors that will bound the saddleseparatrices.
Points whosedistancefrom the saddleis appraximately 0:01 su ce for these
computations. Next we note that the divergenceof the vector eld is sym-
metric with respect to rotations, and a decreasingquadratic function of r

that vanisheson a circle nearr = 1.655. Therefore, any limit cycle must
intersect the disk of this radius. Finally, we needan estimate for how wide
the isolating annulus is, sothat we can determinewhen points are inside the

annulus. The highest point on the limit cycle occurs near (1:153 2:96481).
Herethe value of the vector eld is appraximately (4; 0) and the factor exp( )

is abut 0:375. Thereforethe width of the isolating annulus is about 0:000015.
Theseestimatessu cien t data for creating corridorsthat connectthe saddle
separatricesto their limit setsand in nit y to the limit cycle.

In carrying out the interval arithmetic calculations, it is helpful to con-
sider the anglesof rotation that can be usedin computing the trajectories
that will form the corridor boundaries. The stringert limitations that we en-
courter arethoseassaiated with trajectoriesapproading the limit cycle. To
obtain trajectoriesthat erter or leave the isolating neighborhood, the limit
cyclesof the rotated vector eld cannot separatethe isolating neighborhood
from the trajectory. With a rotation angleof 10 °, the limit cycleintersects
the vertical line x = 1:153 neary = 2:96498. The di erence is about an
order of magnitude larger than the width of the isolating neighborhood that
hasbeendetermined,soit is necessaryo work with rotation anglesthat are
of the order of 10 ° to obtain trajectoriesthat erter the isolating neighbor-
hood. With thesesmall rotation anglesthe transversality veri cation for a
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curve g(u) computed from numerical integration of the rotated vector eld
requiressmall steps. Performing these calculations by direct interval arith-
metic ewvaluation of the crossproduct of the tangert vector to g with the
vector eld requiresvery small stepsalong the curve. If a piecewiselinear
curve g is used,then the variation in the direction of f along an individual
curve segmeh should be comparableto the rotation angle . For small ,
f(x+ ) is appraximately Df, - . From this we estimate the changein
anglealong a curve segmen to be
|
f?Df,f
f.f

Thusweexpectthat weneedto take comparableto [Df | ' . At (1:153 2:96481)
near the limit cycle, Df is roughly 35. Theseestimateslead us to expect
that ead circuit around the limit cycle for the corridor will require on the
order of 10° interval arithmetic evaluations. The transversality calculations
along the boundary of the isolating annulus used8 x 10" steps,so the work
is comparable. The truncation and roundo errors assaiated with these
calculations are still small relative to the transversality condition, but the
computations are lengthy. Thus, it would be helpful to nd techniquesthat
will be more e ective in determining the range of the functions whosezeros
signal the lossof transversality, but this wasnot necessaryn con rming the
global structure of the speci ¢ vector eld studied in this paper.
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Figure Caption: The phaseportrait of the vector eld z = exp(i1:0553¢—
(0:09+i1:2)z|z|*+ z* shaving the saddlepoint separatricesand onetrajectory
accunulating at the limit cycle. Trianglesdenotesinksand the squareis the
sourceat the origin.



