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Abstract. For any linear quotient of a sphere,X = Sn−1/Γ, whereΓ is
an elementary abelianp–group, there is a correspondingFp representable
matroidMX which only depends on the isometry class ofX.Whenp is 2 or
3 this correspondence induces a bijection between isometry classes of linear
quotients of spheres by elementary abelianp–groups, and matroids repre-
sentable overFp. Not only do the matroids give a great deal of information
about the geometry and topology of the quotient spaces, but the topology
of the quotient spaces point to new insights into some familiar matroid in-
variants. These include a generalization of the Crapo–Rota critical problem
inequalityχ(M ; pk) ≥ 0, and an unexpected relationship betweenµ(M)
and whether or not the matroid is affine.

1 Introduction

Linear actions on spheres by finite groups can be analyzed via representation
theory. The corresponding quotient spaces have been largely ignored.While
space forms have been extensively studied by geometers, both before and
after they were classified by Wolf [23], they are only a tiny fraction of all
finite linear quotients of spheres. Many of the basic geometric and topolog-
ical properties of these spaces are unknown. For instance, letG be a finite
group. SupposeG acts by diffeomorphisms on an n–dimensional manifold
Mn.When isMn/G a topological manifold? At aminimum, for each point
x ∈ Mn the spherical quotient corresponding to the isotropy representation
of Gx on the unit tangent sphere atx must have the homology ofSn−1.
When does this happen? While the representation theory ofGx may give
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an excellent description of the isotropy action, the corresponding quotient
space is still a mystery.
In this paper we will examine the close connection between binary ma-

troids and linear quotients of spheres by elementary 2–groups. We call the
latter binary spherical quotients (BSQ’s). Not only will the matroids pro-
vide a great deal of information about the geometry and topology of BSQ’s,
but the topology of the spaces will point to new insights into some familiar
matroid invariants.
Matroid theory was introduced by Whitney as a combinatorial abstrac-

tion of linear independence [22]. Since their introduction, matroids have
appeared in a wide variety of settings including graph theory, hyperplane
arrangements and linear coding theory. See [21] for several more applica-
tions. Binary matroids are those matroids which come from finite subsets of
vector spaces overF2.
Section 2 contains the definitions and facts we need from geometry and

topology. While we will make no use of them, our point of view is heavily
influenced by Alexandrov spaces with curvature bounded below by one.
(See [6] for a definition.) It was in this context that linear quotients of the
form Sn−1/(Z2)r were, to a large extent, first analyzed.
After establishing how to classify linear quotients of spheres for arbi-

trary finite groups in Sect. 3, we introduce the necessary matroid theory
in Sect. 4. This includes the Tutte polynomial, characteristic polynomial
and the M̈obius invariant of a matroid. Originally introduced by Tutte for
graphs ([18],[19]), and extended tomatroids by Crapo in [9], the Tutte poly-
nomial is a two–variable polynomial matroid invariant which we denote by
T (M ; x, y),whereM is thematroid. Our primary interest will be in the spe-
cializationsT (M ; 0, y) andT (M ; x, 0). These specializations are closely
related to the characteristic polynomial,χ(M ; t), of a matroid introduced
by Rota [14]. All of these invariants have a substantial literature and several
applications. We refer the reader to the surveys [3], [5], [25].
LetX be a BSQ. The corresponding matroidMX is defined using either

representation theory or the geometry ofX. The matroid properties ofMX

have natural geometric translations inX. We only give those translations
necessary for the rudimentary structure theory of BSQ’s in Sect. 5 and the
later homological computations in Sects. 7–9. See [16] for a more extensive
exploration of what is possible in this direction.
While the binary matroid theory ofMX is useful in understandingX,

the homology ofX sheds light onT (MX ; 0, t), |χ|(M�
X ; t), and the M̈obius

invariant ofM.Here, unlike previoushomological interpretationsofmatroid
invariants,torsionplays a key role. TheZ2–Betti numbers ofH�(X, Z) lead
us to Theorem 8, a new inequality for matroids representable over any finite
field. This inequality is a generalization of the Crapo–Rota critical problem
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inequalityχ(M ; |F |k) ≥ 0. In addition, the Euler characteristic ofX points
to a previously unnoticed relationship between the Möbious invariant ofM
and whether or not the matroid is affine (Theorem 9).
Themain tool in the proof of the formulas forH�(X) is an algebraic sub-

chaincomplex,̃∆�(X),of∆�(X)aCW–chaincomplex forX.ThePoincaŕe
polynomial of∆̃�(X) is tr−1|χ|(M�

x ; t), and theZ2 Poincaŕe polynomial
of X is tr−1T (M�

X ; t, 0). The proof of Proposition 9 shows that ifφ is the
inclusionmap of∆̃�(X) into∆�(X), then withZ2 coefficientsφ� is surjec-
tive. This is not surprising since the coefficients of|χ|(M ; t) are greater than
or equal to the corresponding coefficients ofT (M ; t, 0) for any matroidM.
However, previous combinatorial interpretations of this fact (for instance,
the broken circuit complex [5]) are dependent on ordering the elements of
M. This “natural surjection” phenomenon will recur when in the future we
examine the relationship betweenT (MX ; 1, t) and the cohomology of the
manifold consisting of the regular points ofX.
We useGR for the set of equivalence classes of irreducible real repre-

sentations ofG. Two representationsρi : G → GL(n, R), i ∈ {1, 2} are
equivalent if there existsT ∈ GL(n, R) such thatT ◦ ρ1 ◦ T −1 = ρ2. A
representationρ : G → GL(n, R) is faithful if ρ is 1–1. IfA is a set and
e /∈ A, thenA ∪ {e} is abbreviatedA ∪ e. Similarly, A − e stands for
A−{e}. In order to allow for irreducible representations with multiplicities
and vector representations of matroids,subsets ofGR and subsets of vector
spaces may contain repeated elements.

2 Geometric notions

Let X = Sn−1/G, where the groupG is finite and acts on the left by
isometries. The metric onX is determined by setting the distance between
two orbitsGx andGy to be the minimum ofd(gx, g′y) over allg, g′ in G.
In generalX will have singularities but, except forS0/{id}, it will still be
a length space. That is, the distance between two points inX is the infimum
of the lengths of all paths between the two points.
A geodesicinX is a path which is locally lengthminimizing.We always

assume that geodesics areparameterizedbyarc length. Ifc is a geodesic from
x toy such that the length ofc equalsd(x, y), thenwe say thatc is asegment.
A subsetY of X is totally convexif every segment inX between any two
points inY is contained inY. Theconvex hullof Y is the smallest totally
convex subset which containsY. The diameterof X is the maximum of
d(x, y), xandy points inX.The (spherical) suspensionofX is denotedΣX.
As a topological spaceΣX isX × [0, π]/(x, 0) ∼ (y, 0)∪ (x, π) ∼ (y, π).
The metric onΣX is uniquely determined by insisting that for any segment
c of lengthl(c) inX, the image ofc× [0, π] inΣX is isometric to the region



E. Swartz

swept out between the north and south poles in the unit sphereS2 by an
angle of measurel(c). If x is a fixed point ofG, then−x is also a fixed
point,G acts onSn−1

x , whereSn−1
x = {y ∈ Sn−1 : d(x, y) = π/2}, and

Sn−1/G is isometric toΣ(Sn−1
x /G). The cone onX is denoted byCX and

is the image ofX × [0, π/2] in ΣX.
Let Y be another length space of diameter less than or equal toπ. The

(spherical) join ofX andY isX ∗ Y. As a topological spaceX ∗ Y isX ×
[0, π/2]×Y/ ∼,where(x, 0, y) ∼ (x, 0, y′) and(x′, π/2, y) ∼ (x, π/2, y)
for all x, x′ in X, andy, y′ in Y. In order to define the metric onX ∗ Y, let
c be a segment inX, c′ a segment inY and letl(c), l(c′) be their respective
lengths. Letγ andγ′ be segments inS3 such thatl(γ) = l(c), l(γ′) = l(c′),
and the distance from any point inγ to any point inγ′ is π/2. Let γ ∗ γ′ be
the union of all segments from points inγ to points inγ′. Then the metric
onX ∗ Y is determined by insisting that the obvious map of the image of
c × [0, π/2] × c′ in X ∗ Y to γ ∗ γ′ is an isometry.
We useSx for the space of directions atx inX. It is the set of germs of

segments beginning atxwith angle measure as ametric (see [6] for details).
It is isometric toSn−1

x /Gx,whereGx = {g ∈ G : g(x) = x} is the isotropy
group ofG atx.We sayx is aregular pointof X if Gx = {1G}.

3 Linear quotients of spheres

If Γ andΓ ′ are conjugate subgroups ofO(n), then their quotients are iso-
metric. What about the converse? A trivial counterexample with infinite
subgroups isS1/O(2) = S1/SO(2) = {∗}. For finite groups we have
the following lemma which is closely related to universal orbifold covering
spaces ([17, chap. 13]).

Lemma 1. LetΓ andΓ ′ befinite subgroupsofO(n). If Sn−1/Γ is isometric
to Sn−1/Γ ′, thenΓ is conjugate toΓ ′ in O(n).

Proof. Letx be a regular point ofX = Sn−1/Γ . LetUx be a neighborhood
of x isometric to a small metric ball inSn−1 such that the inverse image of
Ux consists of|Γ | distinct components isometric toUx. LetN be the north
pole ofSn−1 and letUN be a neighborhoodN isometric toUx such that
there is an isometryψ : UN → Ux with ψ(N) = x. Now,Γ is conjugate to
a subgroupΛ such that the quotient mapPΛ : Sn−1 → X restricted toUN

is ψ. The lemma is equivalent to the statement thatΛ andPΛ are uniquely
determined by the requirement thatPΛ restricted toUN is ψ. This is done
by induction, with the initial casen = 1 being trivial.
Let c be an arbitrary geodesic emanating from the north pole. As long as

PΛ(c) remains in the regular part ofX, PΛ(c(t)) is determined by the fact
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thatPΛ(c) is still a geodesic inX. Let y = PΛ(c(t)) be a singular point in
X. How do we know how to continuePΛ(c) beyondy?
Let Sy be the space of directions ofy in X. The induction hypothesis

implies that however we identifySy with Sn−2/Λy, the exit direction of
PΛ(c) will be the same. So the continuation ofPΛ(c), and hence alsoPΛ,
is uniquely determined.
Sincex is a regular point ofX,each preimageofx corresponds to exactly

one element ofΛ (the north pole representing the identity). Anyλ ∈ Λ is
completely determined by the requirement thatλ : UN → λ(UN ) covers
PΛ : UN → Ux andPΛ : λ(UN ) → Ux. HenceΛ is also unique.

So, whenG is finite, classifying isometry classes of quotients ofSn−1

by faithful linearG–actions is equivalent to classifying conjugacy classes
of subgroups ofO(n) isomorphic toG. Since images of equivalent rep-
resentations are conjugate, one approach to the latter problem is through
representation theory.
Precomposition gives a natural right action ofAut(G) on GR.

Let Inn(G) be the inner automorphisms ofG, and let Out(G) =
Aut(G)/Inn(G) be the outer automorphism group ofG. SinceInn(G)
acts trivially onGR, the right action ofAut(G) on GR factors through
Out(G). From elementary representation theory there is a 1–1 correspon-
dence between finite dimensional representations ofG and finite subsets of
GR [15]. (Recall our convention concerning subsets ofGR.) Let FGR be
the subsets ofGR which correspond to faithful representations ofG. The
Out(G) action onGR extends toFGR in a canonical way.

Proposition 1. Let G be a finite group. There is a 1–1 correspondence
between isometry classes of quotients of spheres by faithful linearG–actions
and the Out(G) orbits ofFGR.

Proof. Given two equivalence classes inFGR whose images inO(n) are all
in the same conjugacy class we can choose two representatives, sayρ1 and
ρ2, with identical images. Thenρ

−1
2 ◦ ρ1 is an automorphism ofG. Hence

the original equivalence classes lie in the sameOut(G) orbit of FGR. On
the other hand, the images of two equivalence classes in the sameOut(G)
orbit ofFGR are all conjugate.

The proposition is false if we allow non–faithful actions. For example,
letG = Zp2 ⊕Zp. Let ρ1 be a representation ofGwith kernelZp ⊕Zp, and
let ρ2 be a representation ofG with kernelZ/p2Z. Even if the images are
identical, there is no automorphismΦ of G such thatρ1 = ρ2 ◦ Φ.
In theory, Proposition 1 can be applied to any finite group. Of course,

for an arbitrary group theOut(G) orbits ofFGR may be very difficult to
analyze.
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Example 1.LetG = Σm, m �= 6, the symmetric group onm letters. Since
Out(Σm) is trivial whenm �= 6, the set of all spherical quotients are classi-
fied byFGR. The correspondence betweenGR and partitions ofm allows
an easy enumeration ofFGR.

Example 2.LetG = (Z2)r. NowGR consists entirely of one–dimensional
representations which form a group isomorphic to(Z2)r. The group opera-
tion is defined by(ρ1 + ρ2)(g) = ρ1(g) · ρ2(g). Letα be the group isomor-
phism betweenZ2 andO(1). A useful identification ofGR with (Z2)r is
obtained by assigning tog ∈ G the representationρg(h) = α(g · h), where
g · h is the usualZ2–inner product on(Z2)r. Under this identification the
outer automorphism group ofG isAut(G) = GL(r, 2) and the right action
is the usual right action ofGL(r, 2) on (Z2)r.

With a minor modification to take into account the fact that the triv-
ial representation of(Zp)r is one–dimensional while all others are two–
dimensional, Example 2 can be extended to(Zp)r for odd primesp. In both
casesGR has a natural vector space structure and Out(G) preserves inde-
pendence relations. To summarize: ifG is an elementary abelianp–group
then we can view an element ofFGR as a set of vectors in a vector space
overZp. Two elements ofFGR lie in the sameOut(G) orbit if and only
if, when viewed as sets of vectors, they differ by an element ofGL(r, p).
In the language of matroid theory, this sets up a map between theOut(G)
orbits ofFGR and rankr matroids representable overZp.

4 Matroids

In this section we give the basic definitions and results from matroid theory
that we will require. Matroid definitions and notation are as in [13]. The
Tutte polynomial, characteristic polynomial, and Möbius invariant can be
found in [3].
A matroid,M, is a pair(E, I), E a non–empty finite set andI a distin-

guished set of subsets ofE. The members ofI are called theindependent
subsets ofM and are required to satisfy:

1. The empty set is inI.
2. If B is an independent set andA ⊆ B, thenA is an independent set.
3. If A andB are independent sets such that|A| < |B|, then there exists
an elementx ∈ B − A such thatA ∪ x is independent.

Matroid theory was introduced by Whitney [22]. The prototypical example
of a matroid is a subset of a vector space over a fieldF with the canonical
independent sets. A matroid isrepresentable overF if it is isomorphic to
such an example. If the vectors are the column vectors of a matrix, we say
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that the matrix representsM. A matroid representable overF2 is called
binary.Another source of matroids is graph theory. The cycle matroid of a
graph is the matroid whose finite set is the edge set of the graph and whose
independent sets are the acyclic subsets of edges. Most matroid terminology
can be traced back to these two types of examples.
Anelementeofamatroid isaloopif it is not contained inany independent

set. Thecircuitsof a matroid are its minimal dependent sets. Every loop of
M is a circuit. A maximal independent set is called abasis, and any element
which is contained in every basis is acoloopof the matroid. Every basis
of M has the same cardinality. Therank of M, or r(M), is that common
cardinality. ThedeletionofM ate is denotedM −e. It is thematroid whose
finite set isE − e and whose independent sets are simply those members of
I which do not containe. ThecontractionofM at e is denotedM/e. It is
a matroid whose finite set is alsoE − e. If e is a loop or a coloop ofM then
M/e = M −e.Otherwise, a subsetI ofE −e is independent inM/e if and
only if I ∪e is independent inM.Deletion and contraction for a subsetA of
E is defined by repeatedly deleting or contracting each element ofA. The
restriction ofM toA is justM − (E − A).We useM |A for the restriction
ofM toA, but we will often just writeA if M is unambiguous. Therankof
A is r(M |A). We either user(A) or rM (A) for the rank ofA, depending
on whether or not it is clear which matroidA is contained in. Note that
r(∅) = 0.WhileA ⊆ M is technically incorrect, we will frequently use it
instead ofA ⊆ E, especially when the matroid structure ofA is important.
The same applies toe ∈ M versuse ∈ E.
The dual of M is M�. It is the matroid whose finite set is the same

asM and whose bases are the complements of the bases ofM. If M is
representable overF then so isM�. For example,Ui,j is thematroid defined
byE = {1, 2, . . . , j} andI = {A ⊆ E : |A| ≤ i}. So,U�

i,j = Uj−i,j .

LetM = (E, I) andM ′ = (E′, I ′) be two matroids withE ∩ E′ = ∅.
ThenM ⊕ M ′ is the direct sum ofM andM ′. It is the matroid whose
finite set isE ∪E′ and whose independent sets are those subsets of the form
I ∪ I ′, I ∈ I, I ′ ∈ I ′.
TheTutte polynomialofM is a two–variable polynomial matroid invari-

ant. It is given by the formula,

T (M ; x, y) =
∑
A⊆M

(x − 1)r(M)−r(A)(y − 1)|A|−r(A)

The coefficient ofxiyj in T (M ; x, y) is non–negative and writtenbi,j . The
Tutte polynomial is the unique matroid invariant which satisfies deletion–
contraction recursion (also called Tutte recursion):
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1. IfM is the matroid consisting of a single loop, thenT (M ; x, y) = y.
2. IfM is the matroid consisting of a single coloop, thenT (M ; x, y) = x.
3. If e is a loop ofM, thenT (M ; x, y) = y T (M/e; x, y).
4. If e is a coloop ofM, thenT (M ; x, y) = x T (M − e; x, y).
5. If e is neither a loop nor a coloop ofM, then

T (M ; x, y) = T (M − e; x, y) + T (M/e; x, y).

The Tutte polynomial also satisfiesT (M�; x, y) = T (M ; y, x). For direct
sum we have the formulaT (M ⊕ M ′; x, y) = T (M ; x, y) · T (M ′; x, y).
A subset ofM is closedif adding any element to the subset increases its

rank. The closed subsets ofM form a partially ordered set under inclusion
which we denote byLM . Let L be any finite partially ordered set. The
Möbius functiononL is the functionµ : L × L → Z which satisfies:

1. If x andy are incomparable elements ofL, thenµ(x, y) = 0.
2. For anyx in L, µ(x, x) = 1.

3. For anyx, y in L, x < y,
∑

x≤z≤y

µ(x, z) = 0.

Thecharacteristic polynomialofM is defined usingLM . If the empty
set is inLM , then

χ(M ; t) =
∑

A∈LM

µ(∅, A)tr(M)−r(A).

If the empty set is not inLM , thenχ(M ; t) = 0. The Möbius invariant of
M is µ(M) = µ(∅, E). If the empty set is not inLM , thenµ(M) = 0.
The Möbius invariant ofM is also the constant term of the characteristic
polynomial ofM. In addition,χ(M ; t) = (−1)r(M)T (M ; 1 − t, 0).

5 Binary spherical quotients

LetG = (Z2)r.Wecall any linear quotient of the formSn−1/Γ, Γ ⊆ O(n),
whereΓ is isomorphic toG andn andr are arbitrary, abinary spherical
quotient, or BSQ. Binary spherical quotients where the group acts without
fixed points are studied in [11] where they are called spaces of maximal
extent.EveryBSQ iseitheraspaceofmaximal extent or a (possiblymultiple)
suspension of such a space. Spaces of maximal extent (and hence BSQ’s)
can be completely characterized by their metric properties ([11, Theorem
2.13]).
LetX = Sn−1/Γ be a BSQ. Letρ : G → Γ be a faithful representation.

The corresponding subset ofFGR represents a binary matroid which we
denote byMX . The matroid isomorphism class ofMX is unchanged by the
action ofGL(r, 2) and hence only depends on the isometry class ofX.
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Example 3.LetX = RPn−1. Here,G = Z2 and the corresponding subset
of GR consists ofn copies of the non–trivial representation ofZ2. So,MX

equalsU1,n, the matroid onn elements such that a subset is independent if
and only if it has cardinality less than or equal to one.

An equivalent definition ofMX is as follows. SinceΓ � G, it is conju-
gate toasubgroupconsistingof diagonalmatriceswhosediagonal entriesare
1 or -1. So, we assume thatΓ is such a subgroup. Let{γ1, . . . , γr} be a gen-
erating set forΓ . LetMΓ be theZ2–matrix such that(MΓ )ij = α−1[(γi)jj ].
Finally, defineMX to be the binary matroid represented by the column vec-
tors ofMΓ .

Theorem 1. The mapX → MX is a one–to–one correspondence between
isometry classes of BSQ’s and isomorphism classes of binary matroids.

Proof. LetM be a binary matroid. Let(M)ij be a matrix which represents
M overZ2. For each rowRi of (M)ij let γi be the diagonal matrix whose
jth diagonal entry isα(Mij). LetΓ be the group generated by theγ’s. The
unique representability of binarymatroids ([4]) implies that any other binary
matrix which representsM can be obtained from(M)ij by elementary
row operations and column reordering. Elementary row operations do not
changeΓ. Reordering the columns of(M)ij gives a group conjugate toΓ.
So the isometry class ofXM = Sn−1/Γ is well defined. By construction
M → XM andX → MX are inverse correspondences.

Remark 1.WhenG = (Zp)r, p an odd prime,MX is constructed by giving
the non–trivial representations inFGR their natural independence relations
and then adding one loop for each copy of the trivial representation. If
p = 3, then the analog of Theorem 1 still holds [16]. However, for all other
primes the correspondence is no longer a bijection. AllZp–lens spaces of
dimension2n − 1 haveU1,n as their associated matroid, but forp ≥ 5 and
n ≥ 2 there are pairs ofZp–lens spaces of dimension2n − 1 which are not
even homotopy equivalent [7].

Theorem 1 is used in [16] to construct a “dictionary” between the lan-
guage of binary matroids and the geometry and topology of BSQ’s. Most
matroid concepts, including independence, basis, spanning, circuit, cocir-
cuit, rank, closure, hyperplane, direct sum, parallel sum, two–sum, and con-
nectivity have easily described analogs in terms of the geometry of BSQ’s.
Using this dictionary it is possible to translate almost any property of binary
matroids into a geometric property of BSQ’s. Theorems 2, 3, and 4 below
are a small sample of what is possible.
In order to use Theorem 1 effectively we use the definition ofMX in

termsofMΓ .Notice that theelementsofMX are thecolumnsofMΓ and that
theith–column corresponds to the action ofΓ onei, theith–unit coordinate
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vector inRn.Whenbothei and−ei areunder discussion theywill bedenoted
by e+

i ande−
i respectively. We will also designate the elements ofMX by

E = {e1, . . . , en}, relying on context to distinguish the elements ofMX

from the unit coordinate vectors. In order to facilitate going back and forth
betweenMX andXM we introduce the following notation.

Definition 1. LetA ⊆ E. The “A–sphere” is

SA ≡ {(x1, . . . , xn) ∈ Rn : xi = 0 wheneverei /∈ A.}

SA◦ ≡ {(x1, . . . , xn) : xi = 0 if and only ifei /∈ A.}
The image ofSA inX is denotedĀ. Similarly, the image ofSA◦

inX is Ā◦.
We abbreviate{ei} by ēi.

Proposition 2. LetX be a BSQ. Thenei ∈ MX is a loop ofMX if and only
if X = ΣXM/ei

.

Proof. Supposeei is a loop ofMX .Then theith–column ofMΓ is all zeros.
Hencee+

i ande−
i are fixed points ofΓ. ThereforeX = Σ(SE−ei/Γ ). By

definitionΣ(SE−ei/Γ ) = ΣXM/ei
. The converse follows immediately

from Theorem 1.

Proposition 3. LetX be a BSQ. ThenX has non–empty boundary if and
only if MX contains a coloop. Furthermore,ei is a coloop ofMX if and
only ifX is isometric toCXM−ei .

Proof. A BSQ has non–empty boundary if and only if the fixed point set
for someγ ∈ Γ has dimension one less than the dimension ofX. This is
equivalent to the existence of a row in the row space ofMΓ consisting of a
single 1 and the rest zeros. HenceMΓ is row equivalent to a matrix with a
unit coordinate vector in the row space. This is exactly the condition for a
representable matroid to contain a coloop.
Let ei be a coloop ofMX . Then, since the row space ofMΓ contains a

unit coordinate vector, there is an elementγ ∈ Γ which leavesSE−ei fixed
and interchangese+

i with e−
i . Hence,X = Sn−1/(Γe+i

⊕ < γ >) which is
justΣXM−ei/ < γ >= CXM−ei .

Clearly, Ā is isometric toXM |A. So, the deletionM − A corresponds to
E − A.ThecontractionM/A roughly corresponds to the spaceof directions
at any point inĀ◦.

Proposition 4. LetA ⊆ MX . Letx ∈ Ā◦. Then the space of directions at
x is isometric toS|A|−2 ∗ XM/A.
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Proof. The space of directions atx isSn−1
x /Γx. Sincex ∈ Ā◦, any element

of Γx also fixesSA. ThereforeΓx leavesSn−1
x ∩SA fixed. SinceSn−1

x ∩SA

is a sphere of dimension|A| − 2, the space of directions atx is S|A|−2 ∗
SE−A/Γx.Anelementγ inΓ is inΓx if andonly if it fixes theith–coordinate
for everyei ∈ A. Hence, the corresponding row vectors in the row space
of MΓ are exactly those row vectors which have a zero in theith–column
for everyei ∈ A. Restricting this action toSE−A is equivalent to removing
theith–column for everyei in A. Since this leaves precisely the row space
of M/A, we see thatSE−A/Γx = XM/A. (See [13, pg.112–113] for the
matrix representation ofM/A)

Corollary 1. Letei ∈ MX . ThenSēi = XMX/ei
.

The structure theory of matroids begins with direct sum decomposition.
Direct sum for binary matroids corresponds to join for BSQ’s.

Proposition 5. LetM, M ′ be binary matroids. ThenXM⊕M ′ is isometric
toXM ∗ XM ′ .

Proof. Let XM = Sn−1/Γ andXM ′ = Sm−1/Γ ′. ThenXM⊕M ′ is iso-
metric toSn+m−1/(Γ ⊕Γ ′), whereΓ acts trivially on the lastm coordinates
andΓ ′ acts trivially on the firstn coordinates. Thus,

XM⊕M ′ = Sn+m−1/(Γ ⊕ Γ ′) = Sn−1/Γ ∗ Sm−1/Γ ′.

A matroid which cannot be written as the direct sum of two smaller
matroids is calledconnected(also known as 2–connected). In [22] Whitney
proved that every matroid has a unique direct sum decomposition into con-
nected matroids. In combination with the above proposition we obtain the
following theorem.

Theorem 2. Every BSQ has a unique (up to order) decomposition,

X = X1 ∗ X2 ∗ · · · ∗ Xk

such that eachXi is not the join of other BSQ’s.

WhenX is not contractible the homological computations in the next
two sections allowus to determine the number of factors in the abovedecom-
position from the volume ofX and its topological connectivity. SinceΓ acts
freely on all but a subset ofmeasure zero,r(MX) = log2(vol Sn−1/vol X).

Theorem 3. LetX be a non–contractible binary sperical quotient. Letr
equal log2(vol Sn−1/vol X). SupposeX is k–connected but notk + 1–
connected. Then the number of factors in the above decomposition ofX is
k − r + 2.
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Proof. We first check that a BSQ is non–contractible if and only ifMX

contains no coloops. One direction is Proposition 3. Conversely, suppose
thanMX contains no coloops. ThenT (MX ; 0, y) = yn−r+ lower degree
terms [3]. By Theorem 6 in the next section,Hn−1(X; Z2) = Z2, soX is
not contractible.
The fundamental group ofX is trivial unlessX = RPn−1 [11]. So

H̃k+1(X, Z) is the first non–trivial reduced homology group ofX. The
number of components in the direct sum decomposition ofMX is equal to
the firsti such thatb0,i is non–zero [3]. According to Theorem 7 the first
non–trivial reduced homology group ofX occurs in dimensionr − 1 + i.
Sok + 1 = r − 1 + i.

Corollary 2. Let r = log2(vol Sn−1/vol X). ThenX is at leastr − 1
connected.

The following theorem gives a test for determining whether or not a
quotientofasmoothmanifoldbyanelementary2–group ishomeomorphic to
amanifold. (Itwouldalsoapply to anygroupall ofwhose isotropy subgroups
are elementary 2–groups.) The equivalence of (2) and (3) is contained in [11,
Theorem 2.14].

Theorem 4. LetX be a BSQ. Then the following are equivalent:

1. MX is a direct sum of circuits.
2. X is homeomorphic to a sphere.
3. X has the homology of a sphere.

Proof. 1 → 2. LetD(∆n−1) be the double of the sphericaln − 1 simplex.
This is the space obtained by taking two copies of the sphericaln − 1
simplex and identifying them along their boundaries. Forn ≥ 2, D(∆n−1)
is homeomorphic to a sphere, and from [11] we know thatD(∆n−1) is a
BSQ. The volume ofD(∆n−1) tells us that the rank ofMD(∆n−1) isn − 1.
The only matroid of rankn − 1, cardinalityn (i.e. |E| = n) and no coloops
is then–circuit. Hence the BSQ corresponding to a circuit of size 2 or more
is homeomorphic to a sphere. The circuit of cardinality one is a loop, and
its corresponding BSQ isS0. Thus, ifMX is a direct sum of circuits,X is
homeomorphic to a join of spheres.

2 → 3 is trivial.
3 → 1. SupposeX is a homology sphere. By Theorem 7,T (MX ; 0, y)

equalsyn−r. HenceMX = M1 ⊕ · · · ⊕ Mn−r andT (Mi; 0, y) = y for
eachMi [8]. Therefore, the cardinality of eachMi is onemore than its rank.
SinceMX does not contain a coloop (otherwiseT (MX ; 0, y) = 0), none
of theMi contains a coloop. As noted above, the only matroids with these
properties are circuits.
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It is possible to realizeMX concretely inX without resorting toΓ.
Instead of using elements ofGR for E, we can use the points which
are the images of the their corresponding invariant subspaces. Letl be
the number of loops inMX . Then it is possible to find pairs of points,
LPX = {{x1, y1}, . . . , {xl, yl}} such thatd(xi, yi) = π and the distance
between points from distinct pairs isπ/2. These pairs represent the loops
ofMX . LetX ′ be the set of all points inX which are exactlyπ/2 from all
points inLPX .ThenX ′ is a space ofmaximal extent of dimensionn−l−1.
As such it contains at least one (there may be infinitely many) collection of
n − l pointsEX′ = {xl+1, . . . , xn} which are mutuallyπ/2 apart. These
represent the non–loop elements ofMX . The union ofLPX andEX′ is the
image of the unit coordinate vectors ofSn−1. If A is a subset ofEX′ , then
the convex hull ofA inX (orX ′ sinceX ′ is totally convex inX) is just the
image inX of the corresponding sphere inSn−1. The matroid properties of
EX′ , and henceMX , can nowbe recovered using any of the translations. For
instance, ifA ⊆ EX′ , then the rank ofA can be read off from the volume
formula above. Another example would be:A is a circuit if and only if the
convex hull ofA is isometric to a double simplex.

6 ∆�(M)

Here we introduce∆�(M). It is a chain complex associated toanymatroid.
WhenM is abinarymatroid it coincideswith̃∆�(XM )whichwill bedefined
inSect. 9.ThecalculationofH�(∆�(M))will provide themachineryneeded
to determineH�(XM ; Z2). Finally, we compare∆�(M) to other complexes
involving matroids with similar homological properties. In this sectionM
is any matroid and we work with integer coefficients.

Definition 2. ∆m(M) is the free abelian group on the subsets ofE of
cardinalitym+1.For a subsetAofEwedenote its correspondinggenerator
by [A].

In order to define the boundary map, fix an ordering{e1, . . . , en} of E.
Let ei • A stand forei is a coloop ofA. The boundary map is defined by

∂([A]) =
∑
eik

•A
(−1)k[A − eik ], whereA = {ei0 , . . . , eim}.

The usual proof that∂2 = 0 in a simplicial complex can be adapted to this
situation. It is sufficient to note that ife is a coloop ofA, thenf is a coloop
of A − e if and only if f is a coloop ofA.
Since∆�(M − en) is a subcomplex of∆�(M), there is a short exact

sequence of complexes,
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0 −→ ∆�(M − en) in�−→ ∆�(M)
j�−→ ∆�(M)

∆�(M − en)
−→ 0 (1)

LetA ⊆ M and let[̂A] be the coset of[A] in∆�(M)/∆�(M −en). Letψ be
themap from∆�(M)/∆�(M −en) to∆�−1(M/en) defined byψ([̂A]) = 0
if en /∈ A, andψ[̂A] = [A − en] if en ∈ A.

Proposition 6. As defined above,ψ is a chain isomorphism of degree−1.

Proof. Sinceψ maps a basis to a basis it is a group isomorphism. To see
that it is a chain map, it is sufficient to note that for anye andf in A, e is a
coloop ofA if and only if e is a coloop ofA/f.

Substituting∆�(M/en) in (1) we obtain a long exact sequence,

· · · ∂m−→ Hm(M − en) inm−→ Hm(M)
jm−→ Hm−1(M/en)

∂m−1−→ . . . (2)

Proposition 7. If en is a coloop ofM, thenH�(M) ≡ 0.

Proof. Sinceen is a coloop we can identifyM/en withM − en. Let z be a
cycle inHm(M/en), z =

∑
k ck[Ak], ck ∈ Z, Ak ⊆ M/en. Definez ∪ en

to be
∑

k ck[Ak ∪ en] in ∆m(M). Thenz ∪ en satisfiesjm+1(z ∪ en) = z
and∂M

m+1(z ∪ en) = z.Hence, inHm(M/en), ∂m(z) = z inHm(M − en)
and∂m is an isomorphism.

In order to analyze (2)whenen is not a coloopwe introduce the following
subgroups of∆�(M).

Definition 3. ∆s
m(M) =< {[A] : |A| = m + 1 andr(A) = s} > .

By definition ∂(∆s
m(M)) ⊆ ∆s−1

m (M). So, in a rankr matroid a non–
zero element of∆r

m(M) cannot be a boundary. In addition, an element of
∆m(M) is a cycle if and only if its projection onto each∆s

m(M) is a cycle.
(Note:∂ is the boundary map of the complex∆�(M), not the map in (2).)

Proposition 8. LetM be a matroid of rankr. If en ∈ M is not a coloop of
M, thenjm is a surjection in (2). Furthermore,Hm is a finitely generated
free abelian group,Hm(M) � Hm(M − en) ⊕ Hm−1(M/en) and every
cycle inHm(M) has a representative in∆r

m(M).

Proof. The induction begins withn = 2. The three possibilities,U0,2, U1,2
andU0,1 ⊕ U1,1 (deleteing and contracting on the loop) are easy to check.
Assume the proposition holds for all matroids of cardinalityn−1.Since

en is not a coloop ofM, r(M − en) = r(M) = r. By the induction hypoth-
esis every element ofHm(M − en) has a representative in∆r

m(M − en).
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Therefore, no non–zero member ofHm(M − en) can be a boundary in
Hm(M). Henceinm is injective andjm is surjective. SinceHm(M − en)
andHm−1(M/e) are finitely generated free abelian groups,Hm(M) is also
such a group andHm(M) � Hm(M − en) ⊕ Hm−1(M/en). To show that
Hm(M) has the required representatives, we show that a basis ofHm(M)
does. LetB be a basis ofHm(M −en)with representatives in∆r

m(M −en),
and letB′ beabasis ofHm−1(M/en)with representatives in∆r−1

m−1(M/en).
Let j−1

m (B′) be any set of preimages ofB′. Theninm(B) ∪ B′ is a basis
for Hm(M). Clearly inm(B) has the requisite representatives. Suppose
b′ =

∑
k ck[Ak] is inB′. Then,

j−1
m (b′) =

∑
k

ck[Ak ∪ en] +
∑
k′

ck′ [Ak′ ],

whereen is not contained in anyAk orAk′ . InM, Ak ∪ en has rankr. If we
remove all the terms from the right hand side which are in∆s

m(M), s < r
we are left with a cycle in∆r

m(M) whose image underj is still b′.

Let |χ|(M�; t) be the polynomial whose coefficients are the absolute
value of the coefficients of the characteristic polynomial of the dual ofM.
Equivalently,|χ|(M�; t) = T (M ; 0, t + 1).

Theorem 5. LetM be a rankr matroid of cardinalityn. Let
PM (t) =

∑n−1
m=−1 rank (Hm(M))tm be the Poincaŕe polynomial of

H�(M). Then,PM (t) = tr−1|χ|(M�; t).

Proof. LetgM (t) = PM (t)/tr−1.Weverify thatgM (t) satisfiesTutte recur-
sion forT (M ; 0, t + 1). If M consists of a single coloop, thenPM (t) = 0,
sogM (t) = 0. If M consists of a single loop, thenPM (t) = 1 + 1/t, so
gM (t) = t + 1. If en is a coloop ofM, thenH�(M) = 0, sogM (t) is also
zero. Ifen is a loop ofM, thenM −en = M/en and the rank of each isr.By
the above proposition and inductiongM (t) = (t+1)gM/en

(t). Finally, if en
is neither a loop nor a coloop ofM, then another application of Proposition
8 and induction show thatgM (t) = gM−en(t) + gM/en

(t).

Remark 2.SinceH�(M) is a finitely generated free abelian group all of the
above computations hold with any coefficient group.

The first chain complex with Betti numbers equal to the coefficients
of the characteristic polynomial of an associated matroid was found by
Baclawski [1]. Other complexes whose Poincaré polynomials are related to
the characteristic polynomial of matroids areWhitney homology [5] and the
complexes arising from the homology and cohomology of the complements
of complex hyperplane arrangements [12]. In [24] Yuzvinsky constructs
differential gradedalgebras for a class of partially ordered setswhich include
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geometric lattices (matroids without loops or circuits of cardinality two). If
we ignore the multiplicative structure, the result is a chain complex closely
related to∆�(M). Since the construction makes sense for any matroid we
do not restrict it to geometric lattices. The grading is slightly different from
[24] so that it matches∆�(M).
LetCm(M) be the free abelian group on the subsets ofE of cardinality

m + 1. LetA = {eio , . . . , eik , . . . , eim}. Define the boundary map by,

∂([A]) =
∑
eik


•A
(−1)k[A − eik ].

As shown in [24],(C�(M), ∂) is a chain complex whose Poincaré
polynomial istr|χ|(M ; 1/t). To see the relationship betweenC�(M) and
∆�(M) we apply three “dual” operations. First, rename the basis elements
with their complement inE and change the dimension of the chain groups to
match the size of their new labels. Call this new cochain complexC�(M).
For instance, what wasC−1 = Z[∅], becomesC�

n−1 = Z[E]. Now apply
Hom in the usual way. Designate the new chain complexC��(M) and label
the basis dual to the basis ofC� with the same labels. Finally, we usematroid
duality. Using the fact that an elemente is not a coloop of a subsetA ofM
if and only if e is a coloop of(E − A) ∪ e in M�, it is easy to show that
C��(M) and∆�(M�) are almost identical. The only difference is that in
C�� the sign of the boundary operator is determined by using an element’s
position in the complement, instead of its position in the subset.

7 Homology of BSQ’s

In this section we computeH�(X, Z2) whenX is a BSQ. IfMX has a loop
or a coloop, then it is easy to compute the homology groups ofX using
either Proposition 2 or Proposition 3. In order to compute the homology
groups ofX whenei is neither a loop nor a coloop we use themapping cone
description in [11].
Let ei be an element ofMX which is neither a loop nor a coloop. Then

Γ can be written asΓe+i
⊕ γ, whereγ interchangese+

i ande−
i and acts

non–trivially onSE−ei . Corollary 1 implies thatSn−1/Γe+i
= ΣSēi . Now,

γ interchanges the upper and lower cones ofΣSēi . In addition,γ also acts
on the middle copy ofSēi in ΣSēi . Thus,X is the mapping cone of the
quotient mapf : Sēi → Sēi/ < γ > . LetDēi = SE−ei/Γ = XM−ei . The
Mayer-Vietoris sequence associated to this mapping cone construction is,

· · · fm−→ H̃m(Dēi , Z2)
inm−→ H̃m(X, Z2)

∂m−→ H̃m−1(Sēi , Z2)
fm−1−→ . . . (3)
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Proposition 9. If ei is neither a loop nor a coloop ofMX , then ∂m is
surjective.

Proof. See Sect. 9.

Theorem 6. LetX = Sn−1/Γ be a BSQ withΓ � (Z2)r.

Let P̃X(t) =
n−1∑
m=0

dimZ2H̃m(X, Z2)tm. ThenP̃X(t) = tr−1T (MX ; 0, t).

Proof. LetM be a rankr binarymatroid and definegM (t) = P̃XM
(t)/tr−1.

In order to prove thatgM (t) = T (M ; 0, t) it is sufficient to show thatgM (t)
satisfies Tutte recursion. WhenM is a loopXM is two points and when
M is a coloopX is a single point. In both casesgM (t) = T (M ; 0, t). If
ei is a coloop thenXM is a cone and bothgM (t) andT (M ; 0, t) are zero.
If ei is a loop then the rank ofM andM/ei are the same. SinceXM is
ΣXM/ei

, gM (t) = tgM/ei
(t). Finally, assume thatei is neither a loop nor

a coloop ofM. Then r(M/ei) = r(M) − 1 and r(M − ei) = r(M).
Combining this with (3) and the surjectivity of∂� we see thatgM (t) is equal
to gM−ei(t) + gM/ei

(t).

Remark 3.As pointed out in Remark 1, whenG = (Zp)r the corresponding
matroid does not determine the quotient space unlessp = 3. However, the
homology groups of the quotient space are determined by the associated
matroid and there is a formula analogous to the one above [16].

8 Integral coefficients and matroid applications

In this section we computeH�(X, Z) and the (reduced) Euler characteristic
of a BSQ in terms of invariants ofMX . This will point us toward new
inequalities for the Tutte polynomial of a matroid representable overany
finite field. In addition, we will discover a surprising connection between
µ(M) andwhether or not it is affine. Amatroid representable overF isaffine
overF if it has a representative set of vectors which are in the complement
of a linear hyperplane.
A binary matroid isEulerian if for some (any) matrix which represents

M overZ2 every row of the matrix has an even number of ones. See [3] for
several other equivalent definitions and the relationship between Eulerian
matroids and Eulerian circuits in graphs.

Proposition 10. LetX = Sn−1/Γ be a BSQ. Then,

H̃n−1(X, Z) =

{
Z, if MX is Eulerian.

0, otherwise.
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Proof. By [2] Hn−1(X, Q) is isomorphic to the subgroup of
Hn−1(Sn−1, Q) left fixed by the action ofΓ. Thus, Hn−1(X, Q) is
Q if all the involutions inΓ are orientation preserving, zero otherwise.
SinceX is ann − 1 dimensional CW–complex (see Sect. 9), the same
statement holds withQ replaced withZ. Now the proposition follows from
the fact that each element ofΓ is orientation preserving if and only if each
row ofMΓ has an even number of ones.

In order to computeHm(X, Z) whenm < n − 1, we usej�, the coeffi-
cient homomorphism associated to the short exact sequence of groups,

0 −→ Z
×2−→ Z

j−→ Z2 −→ 0 (4)

Proposition 11. LetX be a BSQ of dimensionn − 1. Then for allm less
thann − 1, jm : H̃m(X, Z) → H̃m(X, Z2) is injective.

Proof. Induction onn. Whenn is one all relevant homology groups are
zero. IfMX contains a coloop, thenX is contractible and all homology
groups are zero. IfMX contains a loop, thenX is the suspension of an
lower dimensional BSQ, and sincej� behaves nicely with suspension, there
is no problem. Supposeen is neither a loop nor a coloop ofMX . Consider
the following commutative diagram.

fm−→ H̃m(Dēn , Z) inm−→ H̃m(X, Z)
∂m−1−→ H̃m−1(Sēn , Z)

fm−1−→
j
Dēn
m ↓ jXm ↓ j

Sēn
m−1 ↓

fm−→ H̃m(Dēn , Z2)
inm−→ H̃m(X, Z2)

∂m−1−→ H̃m−1(Sēn , Z2)
fm−1−→

On the bottom rowfm andfm−1 are zero by Proposition 9. Now suppose
m ≤ n − 3. ThenjDēn

m andjSēn
m−1 are injective by the induction hypothesis.

Thereforeinm◦j
Dēn
m is injective. Henceinm on the top line is also injective.

By the snake lemmajXm is injective. Finally, supposem = n − 2. If MX is
U0,n−1 thenX = Sn−1 and the homology groups in question are trivial. If
MX isU1,2k+1, thenX = RP 2k. In this case,̃Hm(X, Z) � H̃m(X, Z2) �
Z2 and jm−2 is an isomorphism, so the proposition holds. For all other
binarymatroids it is possible to find someei inMX such thatMX −ei is not
Eulerian. So, by reordering if necessary, we can assume thatH̃n−2(Dēn , Z)
is {0} and argue as before.
In order to describeH�(X; Z) we introduce the following fragment of

T (M ; t, 0).

Definition 4. LetM be any matroid.

b(M ; m, t) ≡ (−1)m[bm,0 tm + bm−1,0 tm−1 + · · · + b1,0 t].
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Note thatb(M ; m, −1) is just an alternating sum of the coefficients of
T (M ; t, 0) of degree less than or equal tom.

Theorem 7. LetX be a BSQ of dimensionn − 1 with r(MX) = r.
If 0 ≤ m ≤ n − 2, then

H̃m(X, Z) =

{
(Z2)b(M

�
X ;m−r+1,−1), if r ≤ m ≤ n − 2

0, if m < r.

Proof. By Proposition 11 and the long exact sequence associated to (4),
multiplication by 2 onH̃m(X, Z) is the zero map. HencẽHm(X, Z) is an
elementary 2–group and̃Hm(X, Z2) ∼= H̃m(X, Z) ⊕ H̃m−1(X, Z). Theo-
rem 6 and induction finish the proof.

An immediate consequence of the above theorem is that for any binary
matroidM and all1 ≤ m ≤ n − r, b(M�; m, −1) ≥ 0. By duality, this is
equivalent to the non–negativity ofb(M ; m, −1) whenever1 ≤ m ≤ r and
M is binary. Whenm = r, b(M ; m, −1) = (−1)rT (−1, 0) = χ(M ; 2). In
[10] Crapo and Rota show that for any matroid representable over a finite
field F, χ(M ; |F |k) ≥ 0. Thus the non–negativity ofb(M ; m, −1) can be
viewed as a generalization of the Crap–Rota inequality when|F | = 2 and
k = 1. In fact, the inequality holds for any finiteF and anyk > 0.

Theorem 8. LetM be a matroid representable over a finite fieldF and let
k > 0. Then for any1 ≤ m ≤ r(M), b(M ; m, 1 − |F |k) ≥ 0.

Proof. Induction onn = |E|. If n = 1 thenM is either a loop or a coloop.
If the former, then there is nothing to show. IfM consists of a single coloop,
thenb(M ; 1, 1 − |F |k) = |F |k − 1 > 0.
Now assume that the theorem holds for all matroids of cardinalityn−1.

If en is a loop, thenb(M ; m, 1 − |F |k) = 0 sinceT (M ; x, 0) = 0. If en is
a coloop, thenb(M ; m, 1− |F |k) is justb(M − en; m − 1, 1− |F |k) which
is non–negative by the induction hypothesis. Finally, supposeen is neither
a loop nor a coloop. Then form < r, b(M ; m, 1−|F |k) is non–negative by
Tutte recursion and the induction hypothesis. Whenm = r we are back to
the Crapo–Rota inequality.

TheZ2–dimension of the integer homology groups ofXM give an in-
terpretation of the above inequality when|F | = 2 andk = 1.

Problem 1. Find interpretations for the inequalities in the above theorem
when|F | > 2 andk > 1.

Using rational coefficients, Theorems 10 and 7 we see that the reduced
Euler characteristic of a BSQX is±1 if MX is Eulerian, 0 otherwise. From
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Theorem 6 the reduced Euler characteristic ofX can also be written as the
alternating sum±(b0,n−r − b0,n−r−1 · · · + (−1)n−r+1b0,1). On the other
hand,|µ(M�

X)| is the sumb0,n−r + · · · + b0,1. Hence,µ(M�
X) is odd if and

only ifMX is Eulerian. A binary matroid is Eulerian if and only if its dual is
affine [3]. So, a binary matroid is affine if and only if its M̈obius invaritant
is odd. One direction of this statement generalizes to matroids representable
over any finite field.

Theorem 9. LetM be a matroid representable over a finite fieldF.
If µ(M) �= 0 mod (|F |), thenM is affine overF. If |F | = 2, then the
converse also holds.

Proof. Assume thatM is not affine overF. Then by the Crapo–Rota critical
problem formula ([10])χ(M ; |F |) = 0. Sinceµ(M) is the constant term
of χ(M ; t), reducing both sides of this equation modulo|F | shows that
µ(M) = 0 mod (|F |).
For any field other thatF2 there are counterexamples to the converse of the
above theorem. The matroidU|F |,|F |+1 is affine over any field of cardinality
three or greater andµ(U|F |,|F |+1) = |F |.

9 Proof of Proposition 9

Binary spherical quotients have a natural CW structure inherited from aΓ
invariant simplicial complexonSn−1.Theverticesof thesimplicial complex
on the sphere areV = {e±

1 , . . . , e±
n }. The higher dimensional simplices are

the spherical simplexes whose vertices are any subset ofV which contains
only one ofe+

i , e−
i for eachi. This complex is invariant under the action of

Γ and induces a CW–structure onX.We denote the associated CW–chain
complex by∆�(X). For any subsetA ofMX , Ā is a subcomplex ofX.
We denote the CW chain which is the sum of all cells of dimension

|A| − 1 contained inĀ by Ã. We rely on context to determine whether a
simplex is inSn−1 or represents a cell inX. Throughout this sectionwe use
Z2 coefficientsand useM forMX .

Definition 5. ∆̃(X) is the subgroup of∆�(X) generated by{Ã : A ⊆ E.}
As we will see below,∆̃(X) is a subcomplex of∆(X) such that the

inclusion map is a surjection in homology. Furthermore,∆̃(X) provides
preimages for∂m in Proposition 9.
Let B be a basis forA. SinceB is a basis forA, each cell inÃ has a

unique representative cell inSn−1 containinge+
i for eachei ∈ B. Hence,

a set of representative cells for̃A can be formed by usinge+
i for eachei in

B, and all of the2|A|−|B| combinations of+′s and−′s for theej in A but
not inB.
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Example 4.Let Γ be the group generated by
−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 and


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 .

ThenMΓ =
[
1 0 1 1
0 1 1 1

]
andB = {e1, e2} is a basis ofA = {e1, e2, e3, e4}.

One set of representative cells forÃ is

{(e+
1 , e+

2 , e+
3 , e+

4 ), (e+
1 , e+

2 , e+
3 , e−

4 ), (e+
1 , e+

2 , e−
3 , e+

4 ), (e+
1 , e+

2 , e−
3 , e−

4 )}.

Proposition 12. LetA ⊆ M. Then,

∂(Ã) =
∑
ei•A

Ã − ei

Proof. Supposeei is a coloop ofA.Whenei is removed from each repre-

sentative cell we are left with a set of representatives for the cells of̃A − ei.
If ei is not a coloop ofA, then choose a basisB ofAwhich does not contain
ei and a set of representatives forÃ as above. Whenei is removed in the
boundary operation we are left with two copies of a set of representatives

for Ã − ei, one which used to containe
+
i and one which used to containe

−
i .

Thus, these cells make no contribution to∂(Ã).

An immediate consequence of the above proposition is that∆̃(X) can be
canonically identified with∆�(M) with Z2 coefficients. Similarly,∆̃(Dēi)
and∆̃(Sēi) can be identified with∆(M − ei) and∆(M/ei) respectively
(alsoZ2 coefficients). We can also easily identifyfm in (3) with ∂m in (2),
and∂m in (3) with jm in (2). Thus, we obtain the long exact sequence,

· · · fm−→ H̃m(∆̃(XM−ei
)) inm−→ H̃m(∆̃(X)) ∂m−→ H̃m−1(∆̃(XM/ei

))
fm−1−→ . . .

(5)

Proposition 13. Suppose thatei is neither a loop nor a coloop inM. Then
∂m is surjective for allm in the long exact sequence (5).

Proof. Proposition 8.

The proof of Proposition 9 is now simple. For convenience we restate
the proposition.

Proposition 14. If ei is neither a loop nor a coloop ofM, then∂m is sur-
jective in the long exact sequence,

· · · fm−→ H̃m(Dēi , Z2)
inm−→ H̃m(X, Z2)

∂m−→ H̃m−1(Sēi , Z2)
fm−1−→ . . .



E. Swartz

Proof. First identifyDēi withXM−ei , andSēi withXM/ei
. For each space

Y ∈ {Dēi , X, Sēi}, let φ denote the inclusion∆̃�(Y ) → ∆�(Y ). The
proof is by induction onn with the additional hypothesis thatφ� is always
a surjection (even ifei is a loop or a coloop ofM ). Consider the following
commutative diagram.

. . .
fm−→ H̃m(∆̃(Dēi))

inm−→ H̃m(∆̃(X)) ∂m−→ H̃m−1(∆̃(Sēi))
fm−1−→ . . .

↓ φ� ↓ φ� ↓ φ�

. . .
fm−→ H̃m(Dēi)

inm−→ H̃m(X) ∂m−→ H̃m−1(Sēi)
fm−1−→ . . .

If n is one thenM is either a loop or a coloop. So we only need to check
thatφ� is surjective. IfM is a coloop thenX is a point and all (reduced)
homology groups are trivial. WhenM is a loop,X is two points and the
only non–trivial homology group isH0 � Z2. In this case it is easy to see
thatH̃0(∆̃) � Z2 and thatφ is an isomorphism.
Now assume that the proposition and the extra induction hypothesis hold

for n − 1. By Proposition 13 and the induction hypothesisφm−1 ◦ ∂m is
surjective. So, in the lower exact sequence∂m is surjective,inm is injective
andfm−1 is zero. The induction hypothesis and the snake lemma show that
φ� is surjective onH̃�(∆̃).
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