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Abstract. For any linear quotient of a spher®, = S"~!/I", wherer is

an elementary abeligm-group, there is a correspondifig representable
matroid M x which only depends on the isometry classsofWhenp is 2 or

3 this correspondence induces a bijection between isometry classes of linear
guotients of spheres by elementary abepagroups, and matroids repre-
sentable oveF,. Not only do the matroids give a great deal of information
about the geometry and topology of the quotient spaces, but the topology
of the quotient spaces point to new insights into some familiar matroid in-
variants. These include a generalization of the Crapo—Rota critical problem
inequality x(M; p*) > 0, and an unexpected relationship betwegn/)

and whether or not the matroid is affine.

1 Introduction

Linear actions on spheres by finite groups can be analyzed via representation
theory. The corresponding quotient spaces have been largely ignored. While
space forms have been extensively studied by geometers, both before and
after they were classified by Wolf [23], they are only a tiny fraction of all
finite linear quotients of spheres. Many of the basic geometric and topolog-
ical properties of these spaces are unknown. For instandg, heta finite
group. Supposé’ acts by diffeomorphisms on an n—dimensional manifold
M™. WhenisM" /G atopological manifold? At a minimum, for each point

x € M™ the spherical quotient corresponding to the isotropy representation
of G, on the unit tangent sphere atmust have the homology "~ !.

When does this happen? While the representation theo@y.ahay give
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an excellent description of the isotropy action, the corresponding quotient
space is still a mystery.

In this paper we will examine the close connection between binary ma-
troids and linear quotients of spheres by elementary 2—groups. We call the
latter binary spherical quotients (BSQ's). Not only will the matroids pro-
vide a great deal of information about the geometry and topology of BSQ's,
but the topology of the spaces will point to new insights into some familiar
matroid invariants.

Matroid theory was introduced by Whitney as a combinatorial abstrac-
tion of linear independence [22]. Since their introduction, matroids have
appeared in a wide variety of settings including graph theory, hyperplane
arrangements and linear coding theory. See [21] for several more applica-
tions. Binary matroids are those matroids which come from finite subsets of
vector spaces ovéis.

Section 2 contains the definitions and facts we need from geometry and
topology. While we will make no use of them, our point of view is heavily
influenced by Alexandrov spaces with curvature bounded below by one.
(See [6] for a definition.) It was in this context that linear quotients of the
form S"~1/(Zs)" were, to a large extent, first analyzed.

After establishing how to classify linear quotients of spheres for arbi-
trary finite groups in Sect. 3, we introduce the necessary matroid theory
in Sect. 4. This includes the Tutte polynomial, characteristic polynomial
and the Mbbius invariant of a matroid. Originally introduced by Tutte for
graphs ([18],[19]), and extended to matroids by Crapo in [9], the Tutte poly-
nomial is a two—variable polynomial matroid invariant which we denote by
T(M;z,y), wherelM is the matroid. Our primary interest will be in the spe-
cializationsT'(M;0,y) andT'(M;x,0). These specializations are closely
related to the characteristic polynomigl,A/;t), of a matroid introduced
by Rota [14]. All of these invariants have a substantial literature and several
applications. We refer the reader to the surveys [3], [5], [25].

Let X be a BSQ. The corresponding matrditk is defined using either
representation theory or the geometry}afThe matroid properties off x
have natural geometric translationsh We only give those translations
necessary for the rudimentary structure theory of BSQ's in Sect. 5 and the
later homological computations in Sects. 7-9. See [16] for a more extensive
exploration of what is possible in this direction.

While the binary matroid theory offx is useful in understanding,
the homology ofX sheds light o (Mx; 0,t), |x|(M%;t), and the Mbius
invariant ofM. Here, unlike previous homological interpretations of matroid
invariantstorsionplays a key role. Th&,—Betti numbers of{, (X, Z) lead
us to Theorem 8, a new inequality for matroids representable over any finite
field. This inequality is a generalization of the Crapo—Rota critical problem
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inequalityx(M; | F'|¥) > 0. In addition, the Euler characteristic &f points
to a previously unnoticed relationship between thigdus invariant of\/
and whether or not the matroid is affine (Theorem 9).

The main tool in the proof of the formulas fék, (X') is an algebraic sub-
chain complexA, (X), of A, (X') aCW-chain complex fak. The Poincag
polynomial of A, (X) is "~ 1|x|(M}; t), and theZs, Poincaé polynomial
of X ist"~1T(M%;t,0). The proof of Proposition 9 shows thatdfis the
inclusion map ofA, (X) into A, (X), then withZ, coefficientsp, is surjec-
tive. This is not surprising since the coefficient$gf M ; t) are greater than
or equal to the corresponding coefficientd@f\/; ¢, 0) for any matroid)M/.
However, previous combinatorial interpretations of this fact (for instance,
the broken circuit complex [5]) are dependent on ordering the elements of
M. This “natural surjection” phenomenon will recur when in the future we
examine the relationship betwe&ii)M x; 1, t) and the cohomology of the
manifold consisting of the regular points &f.

We useGpR for the set of equivalence classes of irreducible real repre-
sentations of7. Two representations; : G — GL(n,R),i € {1,2} are
equivalent if there exist¥’ € GL(n,R) such thatl' o p; o T-1 = py. A
representatiop : G — GL(n,R) is faithful if p is 1-1. If A is a set and
e ¢ A, thenA U {e} is abbreviatedd U e. Similarly, A — e stands for
A—{e}. Inorder to allow for irreducible representations with multiplicities
and vector representations of matroisishsets ofrg and subsets of vector
spaces may contain repeated elements.

2 Geometric notions

Let X = S"!/G, where the groug? is finite and acts on the left by
isometries. The metric oX is determined by setting the distance between
two orbitsGx andGy to be the minimum ofl(gz, ¢'y) over allg, ¢’ in G.
In generalX will have singularities but, except fai® /{id}, it will still be
alength spaceThat is, the distance between two pointstins the infimum
of the lengths of all paths between the two points.

A geodesiin X is a path which is locally length minimizing. We always
assume that geodesics are parameterized by arc lengithal§eodesic from
x toy such that the length efequalsi(zx, y), then we say thatis asegment
A subsetY” of X istotally convexf every segment inX between any two
points inY is contained inY. The convex hullof Y is the smallest totally
convex subset which contain§ The diameterof X is the maximum of
d(z,y), zandy pointsinX. The (spherical) suspensionifis denoted” X .
As atopological spac® X is X x [0,7]/(x,0) ~ (y,0) U (x,7) ~ (y, 7).
The metric on¥’ X is uniquely determined by insisting that for any segment
coflengthi(c) in X, the image of: x [0, 7] in XX is isometric to the region
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swept out between the north and south poles in the unit sptely an
angle of measuré(c). If z is a fixed point ofGG, then —z is also a fixed
point, G acts onS” ! whereS?~! = {y € S ! : d(z,y) = 7/2}, and
S"=1/G isisometric taX(S?~! /G). The cone onX is denoted by’ X and
is the image ofX' x [0,7/2] in X' X.

Let Y be another length space of diameter less than or equal The
(spherical) join ofX andY is X x Y. As a topological spac& Y is X x
[0,7/2] x Y/ ~, where(z,0,y) ~ (z,0,y") and(z’,7/2,y) ~ (z,7/2,y)
for all z, 2’ in X, andy, 3’ in Y. In order to define the metric o * Y, let
c be a segment X, ¢ a segment it” and leti(c), I(¢") be their respective
lengths. Lety andy’ be segments i3 such that(y) = I(c), I(7/) = I(¢),
and the distance from any pointinto any point iy’ is /2. Let~ %+’ be
the union of all segments from points-nto points iny’. Then the metric
on X x Y is determined by insisting that the obvious map of the image of
c¢x [0,7/2] x d'in X xY tovy x~' is an isometry.

We useS, for the space of directions atin X. It is the set of germs of
segments beginning atwith angle measure as a metric (see [6] for details).
IltisisometrictaS?~! /G, whereG, = {g € G : g(z) = z} isthe isotropy
group of G atx. We sayz is aregular pointof X if G, = {1¢}.

3 Linear quotients of spheres

If I"andI"” are conjugate subgroups ©fn), then their quotients are iso-
metric. What about the converse? A trivial counterexample with infinite
subgroups is5'/0(2) = S'/SO(2) = {x}. For finite groups we have
the following lemma which is closely related to universal orbifold covering
spaces ([17, chap. 13]).

Lemma 1. LetI" andl” be finite subgroups ¢?(n). If S*~! /I"isisometric
to S"~1/I", thenI is conjugate td” in O(n).

Proof. Letx be aregular pointak = S"~1/I". LetU, be a neighborhood
of « isometric to a small metric ball i§”~! such that the inverse image of
U, consists of I'| distinct components isometric t,. Let V be the north
pole of S"~! and letUy be a neighborhood isometric toU, such that
there is an isometry : Uy — U, with ¢»(IN) = z. Now, I" is conjugate to
a subgroup! such that the quotient map, : S*~! — X restricted td/y
is 4. The lemma is equivalent to the statement thatnd P, are uniquely
determined by the requirement thiai restricted tal/yy is . This is done
by induction, with the initial case = 1 being trivial.

Letc be an arbitrary geodesic emanating from the north pole. As long as
Py (c) remains in the regular part of, P4(c(t)) is determined by the fact
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that P, (c) is still a geodesic inX. Lety = P4(c(t)) be a singular point in
X. How do we know how to continu€,(c) beyondy?

Let S, be the space of directions gfin X. The induction hypothesis
implies that however we identif, with S"~2/4,, the exit direction of
P4 (c) will be the same. So the continuation Bfi(c), and hence als®,,
is uniquely determined.

Sincex is aregular point o, each preimage af corresponds to exactly
one element of! (the north pole representing the identity). ARy A is
completely determined by the requirement that Uy — A(Uy) covers
Py:Un — Uy andPy : A(Uy) — U,. HenceA is also unique.

So, whenG is finite, classifying isometry classes of quotientsSaf!
by faithful linear G—actions is equivalent to classifying conjugacy classes
of subgroups ofD(n) isomorphic toG. Since images of equivalent rep-
resentations are conjugate, one approach to the latter problem is through
representation theory.

Precomposition gives a natural right action dfut(G) on Gg.
Let Inn(G) be the inner automorphisms a¥, and let Out(G) =
Aut(G)/Inn(G) be the outer automorphism group 6f Since Inn(G)
acts trivially onGp, the right action ofAut(G) on Gg factors through
Out(G). From elementary representation theory there is a 1-1 correspon-
dence between finite dimensional representationis and finite subsets of
GRr [15]. (Recall our convention concerning subset<igf) Let F'Gr be
the subsets of/x which correspond to faithful representationstaf The
Out(G) action onGRr extends ta’Gr in a canonical way.

Proposition 1. Let G be a finite group. There is a 1-1 correspondence
between isometry classes of quotients of spheres by faithful lifreactions
and the Out(y) orbits of FGg.

Proof. Given two equivalence classeshit’r whose images i) (n) are all
in the same conjugacy class we can choose two representatives, @ay
p2, With identical images. Thepg1 o p1 Is an automorphism aff. Hence
the original equivalence classes lie in the saheg(G) orbit of FGg. On
the other hand, the images of two equivalence classes in the@ané')

orbit of FGg are all conjugate.

The proposition is false if we allow non—faithful actions. For example,
letG' = Z,» ©Z,. Let p; be arepresentation 6f with kernelZ, ® Z,,, and
let po be a representation @f with kernelZ/p?Z. Even if the images are
identical, there is no automorphismof GG such thaip; = p3 o @.

In theory, Proposition 1 can be applied to any finite group. Of course,
for an arbitrary group th®ut(G) orbits of FGr may be very difficult to
analyze.



E. Swartz

Example 1.LetG = X,,, m # 6, the symmetric group om letters. Since
Out(X,,) is trivial whenm # 6, the set of all spherical quotients are classi-
fied by F'GRr. The correspondence betwe€f and partitions ofn allows

an easy enumeration #fGg.

Example 2.Let G = (Z2)". Now G consists entirely of one—dimensional
representations which form a group isomorphi€¢Ze)”. The group opera-
tion is defined by(p1 + p2)(g9) = p1(9) - p2(g). Let « be the group isomor-
phism betweerZ, andO(1). A useful identification ofGr with (Z2)" is
obtained by assigning tp € G the representatiop,(h) = a(g - h), where

g - h is the usuaZsy—inner product or{Z,)". Under this identification the
outer automorphism group 6f is Aut(G) = GL(r,2) and the right action
is the usual right action a&L(r,2) on (Z2)".

With a minor modification to take into account the fact that the triv-
ial representation ofZ,)" is one—dimensional while all others are two-
dimensional, Example 2 can be extendep)" for odd primesp. In both
casedGg has a natural vector space structure and(Gupreserves inde-
pendence relations. To summarizedifis an elementary abeligi-group
then we can view an element 6fGy as a set of vectors in a vector space
overZ,. Two elements of’Gr, lie in the same)ut(G) orbit if and only
if, when viewed as sets of vectors, they differ by an elemert¥ bfr, p).

In the language of matroid theory, this sets up a map betweef thg=)
orbits of G and rank- matroids representable ovéy,.

4 Matroids

In this section we give the basic definitions and results from matroid theory
that we will require. Matroid definitions and notation are as in [13]. The
Tutte polynomial, characteristic polynomial, andblus invariant can be
found in [3].

A matroid, M, is a pair(E,Z), E a non—empty finite set arila distin-
guished set of subsets &f The members of are called théndependent
subsets of\/ and are required to satisfy:

1. The empty setis iff.

2. If Bis anindependent set altdC B, thenA is an independent set.

3. If A andB are independent sets such thdt < |B|, then there exists
an element: € B — A such thatd U x is independent.

Matroid theory was introduced by Whitney [22]. The prototypical example
of a matroid is a subset of a vector space over a fiéldith the canonical
independent sets. A matroidrigpresentable over if it is isomorphic to

such an example. If the vectors are the column vectors of a matrix, we say
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that the matrix represents!. A matroid representable ovét, is called
binary. Another source of matroids is graph theory. The cycle matroid of a
graph is the matroid whose finite set is the edge set of the graph and whose
independent sets are the acyclic subsets of edges. Most matroid terminology
can be traced back to these two types of examples.

Anelement of amatroidis doopifitis not contained in any independent
set. Thecircuits of a matroid are its minimal dependent sets. Every loop of
M is a circuit. A maximal independent set is calleloesis and any element
which is contained in every basis iscaloop of the matroid. Every basis
of M has the same cardinality. Thank of M, or »(M), is that common
cardinality. Thedeletionof M ate is denotedV/ — e. It is the matroid whose
finite setisE — e and whose independent sets are simply those members of
Z which do not contaire. The contractionof M ate is denoted\//e. It is
a matroid whose finite set is aléb— e. If e is aloop or a coloop o#/ then
M /e = M — e. Otherwise, a subsétof F — e is independent i/ /e if and
onlyif I Ueisindependentid/. Deletion and contraction for a subsebf
E is defined by repeatedly deleting or contracting each element dhe
restriction of M to A is justM — (E — A). We useM | A for the restriction
of M to A, but we will often just writeA if M is unambiguous. Thenk of
Aisr(M|A). We either use(A) or rp;(A) for the rank ofA, depending
on whether or not it is clear which matroid is contained in. Note that
r(0) = 0. While A C M is technically incorrect, we will frequently use it
instead ofA C E, especially when the matroid structureis important.

The same applies toe M versuse € E.

The dual of M is M*. It is the matroid whose finite set is the same
as M and whose bases are the complements of the bas&s &f M is
representable ovef then so isV/*. For examplel; ; is the matroid defined
by £ ={1,2,...,j}andZ = {A C E': [A] <i}. So,U}; = Uj—i ;.

Let M = (E,Z) andM’ = (E’,7’) be two matroids withe N E/ = (.
Then M ¢ M’ is the direct sum of\/ and M’. It is the matroid whose
finite setisE U E’ and whose independent sets are those subsets of the form
Iur,rez,r'e7.

TheTutte polynomiabf M is a two—variable polynomial matroid invari-
ant. It is given by the formula,

T(Mizy)= Y (x =107y — Aty
ACM
The coefficient ofc’y? in T'(M; z,y) is non—negative and written ;. The
Tutte polynomial is the unique matroid invariant which satisfies deletion—
contraction recursion (also called Tutte recursion):
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If M is the matroid consisting of a single loop, tHEOW ; x, y) = v.
If M is the matroid consisting of a single coloop, tfea\/; z,y) = =.
If e is aloop of M, thenT (M;x,y) =y T(M/e;z,y).

If e is a coloop ofM, thenT(M; z,y) = x T(M — e;x,y).

If e is neither a loop nor a coloop éf/, then

T(M;z,y) =T(M —e;x,y) +T(M/e; x,y).

aprwdE

The Tutte polynomial also satisfid§ M*; x,y) = T'(M;y, z). For direct
sum we have the formuld (M & M';x,y) = T(M;z,y) - T(M'; z,y).

A subset ofM is closedif adding any element to the subset increases its
rank. The closed subsets bf form a partially ordered set under inclusion
which we denote byl.,,. Let L be any finite partially ordered set. The
M0obius functioron L is the functionu : L x L — Z which satisfies:

1. If z andy are incomparable elements bf thenu(z,y) = 0.
2. Foranyzin L, u(z,x) = 1.
3. Foranyz,yin L,x < y, Z p(x,z) = 0.

z<z<y

The characteristic polynomiabf M is defined using.,,. If the empty
setisinL,;, then

X(Mst) = > (@, A)r D=,
AGL]\/I

If the empty set is not i, theny(M;¢) = 0. The MObius invariant of
M is u(M) = u(d, E). If the empty set is not irLy, thenu(M) = 0.
The Mbbius invariant ofM is also the constant term of the characteristic
polynomial of M. In addition,x(M;t) = (—=1)"M)T(M;1 —t,0).

5 Binary spherical quotients

LetG = (Z2)". We call any linear quotient of the forst*~1 /I", I C O(n),
whereI" is isomorphic toG andn andr are arbitrary, &inary spherical
quotient or BSQ. Binary spherical quotients where the group acts without
fixed points are studied in [11] where they are called spaces of maximal
extent. Every BSQ is either a space of maximal extent or a (possibly multiple)
suspension of such a space. Spaces of maximal extent (and hence BSQ’s)
can be completely characterized by their metric properties ([11, Theorem
2.13)).

LetX = S"1/I"'beaBSQ.Lep : G — I be afaithful representation.
The corresponding subset 6iG represents a binary matroid which we
denote byM x. The matroid isomorphism class &fx is unchanged by the
action of GL(r,2) and hence only depends on the isometry class.of
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Example 3.Let X = RP"~!. Here,G = Z, and the corresponding subset
of Gy consists of: copies of the non—trivial representationaf. So, M x
equalsl; ,,, the matroid om elements such that a subset is independent if
and only if it has cardinality less than or equal to one.

An equivalent definition of\/x is as follows. Sincd” ~ G, it is conju-
gate to a subgroup consisting of diagonal matrices whose diagonal entries are
1 or-1. So, we assume thatis such a subgroup. L€ty ...,~,} be agen-
erating set for . Let M be theZ,—matrix such thatMr);; = a1 [(7:) 5]-
Finally, defineM x to be the binary matroid represented by the column vec-
tors of M.

Theorem 1. The mapX — My is a one—to—one correspondence between
isometry classes of BSQ's and isomorphism classes of binary matroids.

Proof. Let M be a binary matroid. L&t} );; be a matrix which represents

M overZsy. For each rowR; of (M );; let; be the diagonal matrix whose
4t diagonal entry isv(M;;). Let I" be the group generated by this. The
unique representability of binary matroids ([4]) implies that any other binary
matrix which representd/ can be obtained froni} );; by elementary

row operations and column reordering. Elementary row operations do not
changel". Reordering the columns @¢f\/);; gives a group conjugate tG.

So the isometry class ofy; = S"~!/I" is well defined. By construction

M — Xy andX — My are inverse correspondences.

Remark 1.WhenG = (Z,)", p an odd prime)/x is constructed by giving
the non—trivial representations Mz their natural independence relations
and then adding one loop for each copy of the trivial representation. If
p = 3, then the analog of Theorem 1 still holds [16]. However, for all other
primes the correspondence is no longer a bijectionZA#lens spaces of
dimensior2n — 1 haveU, ,, as their associated matroid, but for> 5 and

n > 2 there are pairs df,—lens spaces of dimensi@n — 1 which are not
even homotopy equivalent [7].

Theorem 1 is used in [16] to construct a “dictionary” between the lan-
guage of binary matroids and the geometry and topology of BSQ’s. Most
matroid concepts, including independence, basis, spanning, circuit, cocir-
cuit, rank, closure, hyperplane, direct sum, parallel sum, two—sum, and con-
nectivity have easily described analogs in terms of the geometry of BSQ’s.
Using this dictionary it is possible to translate almost any property of binary
matroids into a geometric property of BSQ’s. Theorems 2, 3, and 4 below
are a small sample of what is possible.

In order to use Theorem 1 effectively we use the definitiodbf in
terms ofM . Notice that the elements 8f x are the columns of/;- and that
theit"—column corresponds to the action/obne;, theit"—unit coordinate
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vector inR™. When bothe; and—e; are under discussion they will be denoted
by e;” ande; respectively. We will also designate the element3/6§ by

E = {e1,...,ey}, relying on context to distinguish the elementsidfy
from the unit coordinate vectors. In order to facilitate going back and forth
betweenM x and X j; we introduce the following notation.

Definition 1. LetA C E. The “A-sphere” is
SA = {(x1,...,2,) € R" : z; = 0 whenever; ¢ A.}

S = {(x1,...,2,) : z; = 0ifand only ife; ¢ A.}

The image 064 in X is denotedd. Similarly, the image af” in X is A°.
We abbreviatde;} bye;.

Proposition 2. Let X be aBSQ. Thea;, € Mx is aloop of M x if and only
if X = 2 X,

Proof. Suppose; is aloop ofM x. Then thei**—column ofA/ - is all zeros.
Hencee" ande; are fixed points of . ThereforeX = X (S¥~¢/I). By
definition X (S¥~¢/I") = Y Xse;- The converse follows immediately
from Theorem 1.

Proposition 3. Let X be a BSQ. TheX has non—empty boundary if and
only if Mx contains a coloop. Furthermore; is a coloop ofMx if and
only if X is isometric toC X ;.

Proof. A BSQ has non—-empty boundary if and only if the fixed point set
for somey € I'" has dimension one less than the dimensiotXofThis is
equivalent to the existence of a row in the row spac#/ef consisting of a
single 1 and the rest zeros. Hentg- is row equivalent to a matrix with a
unit coordinate vector in the row space. This is exactly the condition for a
representable matroid to contain a coloop.

Lete; be a coloop of\fx. Then, since the row space &f; contains a
unit coordinate vector, there is an element I" which leavesS®—¢ fixed
and interchanges” with e; . Hence X = 5"~!/(I" +&® < v >) which is
JUStEXar o,/ <y >=CXpr e, 1

Clearly, A is isometric toX /4. So, the deletionV/ — A corresponds to

E — A. The contractiorl/ /A roughly corresponds to the space of directions
at any point inA°.

Proposition 4. Let A C M. Letz € A°. Then the space of directions at
x is isometric toS141=2 « X/ 4.
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Proof. The space of directions atis S?~1/I’,. Sincez € A°, any element

of I', also fixesS4. Thereforel’, leavesS” ! NS4 fixed. SinceS? 1 NS4

is a sphere of dimensiop| — 2, the space of directions atis S/41=2 «
SE=4/r,. Anelementyin I"isin I, ifand only if it fixes thei**—coordinate

for everye; € A. Hence, the corresponding row vectors in the row space
of M are exactly those row vectors which have a zero inithecolumn

for everye; € A. Restricting this action t67~4 is equivalent to removing
the i"—column for every; in A. Since this leaves precisely the row space
of M/A, we see thaS?~4/I", = X,;/4. (See [13, pg.112-113] for the
matrix representation af//A)

Corollary 1. Lete; € Mx. ThenSz, = Xy, /e, -

The structure theory of matroids begins with direct sum decompaosition.
Direct sum for binary matroids corresponds to join for BSQ’s.

Proposition 5. Let M, M’ be binary matroids. TheX ;4 iS isometric
to X x Xyyr.

Proof. Let Xj; = S 1/I"and X, = S™1/I". Then X ;g is iso-
metrictoS™t™~1/(I'& I'"), wherel” acts trivially on the last: coordinates
andI” acts trivially on the first» coordinates. Thus,

Xy = S" ™™ (ror)=8""1/r«sm™/r.

A matroid which cannot be written as the direct sum of two smaller
matroids is calledonnectedalso known as 2—connected). In [22] Whitney
proved that every matroid has a unique direct sum decomposition into con-
nected matroids. In combination with the above proposition we obtain the
following theorem.

Theorem 2. Every BSQ has a unique (up to order) decomposition,
X=X xXgx---x X
such that eaclX; is not the join of other BSQ’s.

When X is not contractible the homological computations in the next
two sections allow us to determine the number of factors in the above decom-
position from the volume ok and its topological connectivity. Sindéacts
freely on all but a subset of measure zetd\/x ) = log,(vol St /vol X).

Theorem 3. Let X be a non—contractible binary sperical quotient. ket
equallog,(vol S™~1/vol X). SupposeX is k—connected but not + 1—
connected. Then the number of factors in the above decompositinsof
k—r+2.
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Proof. We first check that a BSQ is non—contractible if and onlyify
contains no coloops. One direction is Proposition 3. Conversely, suppose
than Mx contains no coloops. TheR(Mx;0,y) = y" "+ lower degree
terms [3]. By Theorem 6 in the next sectidi,,_1(X;Zz2) = Za, S0 X is
not contractible.

The fundamental group oX is trivial unlessX = RP"! [11]. So
Hy11(X,7Z) is the first non—trivial reduced homology group &f The
number of components in the direct sum decompositioh/gf is equal to
the firsti such thath ; is non—zero [3]. According to Theorem 7 the first
non-trivial reduced homology group &f occurs in dimensiom — 1 + 1.
Sok+1=r—1+i.

Corollary 2. Letr = logy(vol S"~!/vol X). ThenX is at leastr — 1
connected.

The following theorem gives a test for determining whether or not a
guotient of a smooth manifold by an elementary 2—group is homeomorphicto
amanifold. (Itwould also apply to any group all of whose isotropy subgroups
are elementary 2—groups.) The equivalence of (2) and (3) is contained in [11,
Theorem 2.14].

Theorem 4. Let X be a BSQ. Then the following are equivalent:

1. Mx is a direct sum of circuits.
2. X is homeomorphic to a sphere.
3. X has the homology of a sphere.

Proof. 1 — 2. Let D(A"~!) be the double of the spherical— 1 simplex.
This is the space obtained by taking two copies of the spherical 1
simplex and identifying them along their boundaries. £ 2, D(A" 1)

is homeomorphic to a sphere, and from [11] we know than\"—1) is a
BSQ. The volume of)(A" 1) tells us that the rank ¥/, yn-1y isn — 1.

The only matroid of rank — 1, cardinalityn (i.e.|E| = n) and no coloops

is then—circuit. Hence the BSQ corresponding to a circuit of size 2 or more
is homeomorphic to a sphere. The circuit of cardinality one is a loop, and
its corresponding BSQ iS°. Thus, if M x is a direct sum of circuitsX is
homeomorphic to a join of spheres.

2 — 3is trivial.

3 — 1. SupposeX is a homology sphere. By Theorem 7(Mx; 0, y)
equalsy"~". HenceMx = M, @ --- & M,_, andT(M;;0,y) = y for
each); [8]. Therefore, the cardinality of ead¥; is one more than its rank.
Since M x does not contain a coloop (otherwig¢M x;0,y) = 0), none
of the M; contains a coloop. As noted above, the only matroids with these
properties are circuits.
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It is possible to realizelfx concretely inX without resorting tol".
Instead of using elements @fr for F, we can use the points which
are the images of the their corresponding invariant subspacesd. thest
the number of loops iMVix. Then it is possible to find pairs of points,
LPx = {{z1,y1},...,{z,yi}} such thatd(z;,y;) = = and the distance
between points from distinct pairs ig/2. These pairs represent the loops
of Mx. Let X’ be the set of all points iX which are exactlyr/2 from all
pointsinL Px. ThenX' is a space of maximal extent of dimension [ — 1.

As such it contains at least one (there may be infinitely many) collection of
n — [ pointsExs = {zy41,...,z,} Which are mutuallyr /2 apart. These
represent the non—loop elementsiék . The union ofL Px andFEx: is the
image of the unit coordinate vectors §f 1. If A is a subset oy, then

the convex hull ofd in X (or X’ sinceX” is totally convex inX) is just the
image inX of the corresponding sphere$i#—!. The matroid properties of
Ex/,and hencé/x, can now be recovered using any of the translations. For
instance, ifA C FEx, then the rank ofd can be read off from the volume
formula above. Another example would béis a circuit if and only if the
convex hull ofA is isometric to a double simplex.

6 A, (M)

Here we introduce, (M). Itis a chain complex associatedanymatroid.
When)V/ is a binary matroid it coincides with, (X 5, ) which will be defined
in Sect. 9. The calculation &1, (A, (M) ) will provide the machinery needed
to determined, (X s; Zs). Finally, we comparel, (M) to other complexes
involving matroids with similar homological properties. In this sectidn
is any matroid and we work with integer coefficients.

Definition 2. A,,,(M) is the free abelian group on the subsets Fofof
cardinalitym+1. For a subsetA of E we denote its corresponding generator

by [A].

In order to define the boundary map, fix an orderag, . .., e, } of E.
Lete; o A stand fore; is a coloop ofA. The boundary map is defined by

O([A]) = Y (-1)F[A —e;,], whered = {e;y, ... e;, }.

eikoA

The usual proof tha®? = 0 in a simplicial complex can be adapted to this
situation. It is sufficient to note thatfis a coloop ofA, then f is a coloop
of A —eifand only if f is a coloop ofA.

Since A, (M — ey,) is a subcomplex ofA, (M), there is a short exact
sequence of complexes,
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A (M)

AM = en) 25 A (M) L 222
0 — AL en) — Al )—>A*(M—en)

—0 (1)
LetA C M and Iet[AA] be the cosetdd] in A, (M)/A.(M —e,,). Lety be
the map fromA, (M) /A,(M —e,,) to A,_1(M/e,,) defined by ([A]) = 0

——~

if e, ¢ A, andy[A] = [A —e,] if e, € A.
Proposition 6. As defined above; is a chain isomorphism of degreel.

Proof. Sincey maps a basis to a basis it is a group isomorphism. To see
that it is a chain map, it is sufficient to note that for argnd f in A,eis a
coloop of A if and only if e is a coloop of4/ f.

SubstitutingA, (M /e,,) in (1) we obtain a long exact sequence,

o O (M = en) T H (M) 22 Hoy (M en) ™5 (2)
Proposition 7. If e, is a coloop ofM, thenH, (M) = 0.

Proof. Sincee, is a coloop we can identify§//e,, with M —e,,. Let z be a
cycleinH,,(M/eyn),z =, ck[Ak], ck € Z, Ay, C M/e,. Definez Ue,

tobe) . ci[Ar Uey] in Ay (M). Thenz U e, satisfiesj,11(zUe,) = 2

andd’! | (zUey) = 2. Hence, inH,,(M/e,,), 0m(z) = zin Hp, (M —ey,)

ando,,, is an isomorphism.

In orderto analyze (2) whedy, is not a coloop we introduce the following
subgroups ofA, (M).

Definition 3. A? (M) =< {[A4] : |[A| =m+ 1andr(A4) = s} > .

By definition 9(A3,(M)) C As-1(M). So, in a rankr matroid a non—
zero element ofA], (M) cannot be a boundary. In addition, an element of
A, (M) is acycle if and only if its projection onto eacky, (M) is a cycle.
(Note: 0 is the boundary map of the complex, (M), not the map in (2).)

Proposition 8. Let M be a matroid of rank. If e,, € M is not a coloop of
M, thenj,, is a surjection in (2). Furthermore{,, is a finitely generated
free abelian groupH,,,(M) ~ H,,(M — e,,) ® H,,—1(M/e,) and every
cycle inH,, (M) has a representative id], (M).

Proof. The induction begins with = 2. The three possibilitied/ 2, U 2
andUy,1 @ Uy,1 (deleteing and contracting on the loop) are easy to check.
Assume the proposition holds for all matroids of cardinatity 1. Since
en IS nota coloop of\/, r(M —e,) = r(M) = r. By the induction hypoth-

esis every element d,,,(M — e,,) has a representative it} (M — e,,).
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Therefore, no non-zero member Hi,,(M — e,) can be a boundary in
H,,(M). Hencein,, is injective andj,, is surjective. Sincé?,,,(M — e,,)
andH,,_;(M/e) are finitely generated free abelian groufs, (M) is also
such a group andl,,,(M) ~ H,,(M — ey,) ® H,,—1(M/e,). To show that
H,,(M) has the required representatives, we show that a bagis,0/M )
does. LeB be a basis off,,, (M —e,,) with representativesid], (M —e,,),
andled’ be a basis of,,_1 (M /e,,) with representativesin’ ' (M/e,,).

Let j,,'(B’) be any set of preimages &'. Thenin,,(B) U B’ is a basis

for H,,(M). Clearly in,,(B) has the requisite representatives. Suppose
b =3, ck[Ag]isinB’. Then,

Gt ) = ex[Ap Uen] + Y ew[Aw],

k K’

wheree,, is not contained in anyl;, or Ay/. In M, A Ue, has rank-. If we
remove all the terms from the right hand side which arg\jp(M), s < r
we are left with a cycle imA7, (M) whose image underis still b'.

Let |x|(M*;t) be the polynomial whose coefficients are the absolute
value of the coefficients of the characteristic polynomial of the dudl/of
Equivalently,|x|(M*;t) = T(M;0,t + 1).

Theorem 5. Let M be a rankr matroid of cardinalityn. Let
Py (t) = S7' | rank (H,,(M))t™ be the Poincaé polynomial of

H,(M). ThenPy(t) = t" x| (M*; ).

Proof. Letgy(t) = Py (t)/t"~1. We verify thatg,, (¢) satisfies Tutte recur-
sion forT'(M;0,¢ + 1). If M consists of a single coloop, thén,(t) = 0,
sogn(t) = 0. If M consists of a single loop, théfy,(t) = 1 + 1/¢, so
gu(t) =t + 1. 1f e, is a coloop ofM, then H, (M) = 0, sogy(t) is also
zero. Ife,, isaloop ofM, thenM —e,, = M /e,, and the rank of each is By
the above proposition and inductighy () = (t+1)gay/.,, (). Finally, if e;,

is neither a loop nor a coloop aff, then another application of Proposition
8 and induction show that (t) = g —e, (t) + gar/e, (1)-

Remark 2.SinceH, (M) is afinitely generated free abelian group all of the
above computations hold with any coefficient group.

The first chain complex with Betti numbers equal to the coefficients
of the characteristic polynomial of an associated matroid was found by
Baclawski [1]. Other complexes whose Poircpolynomials are related to
the characteristic polynomial of matroids are Whitney homology [5] and the
complexes arising from the homology and cohomology of the complements
of complex hyperplane arrangements [12]. In [24] Yuzvinsky constructs
differential graded algebras for a class of partially ordered sets which include
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geometric lattices (matroids without loops or circuits of cardinality two). If
we ignore the multiplicative structure, the result is a chain complex closely
related toA, (M). Since the construction makes sense for any matroid we
do not restrict it to geometric lattices. The grading is slightly different from
[24] so that it matches\, (M).

Let C,,,(M) be the free abelian group on the subsetg aff cardinality
m+1.LetA={e;,,...,€i,-..,e€i, . Define the boundary map by,

o([A]) = Y (~DMA e ).

€iy, A

As shown in [24],(C,(M),0) is a chain complex whose Poinéar
polynomial ist”|x|(M; 1/t). To see the relationship betweéh (M) and
A, (M) we apply three “dual” operations. First, rename the basis elements
with their complement it and change the dimension of the chain groups to
match the size of their new labels. Call this new cochain com@tex\/).
For instance, what was_; = Z[()], become<s_, = Z[E]. Now apply
Hom in the usual way. Designate the new chain comgléx()/) and label
the basis dual to the basis@f with the same labels. Finally, we use matroid
duality. Using the fact that an elemenis not a coloop of a subset of M
if and only if e is a coloop of(E — A) U e in M*, it is easy to show that
C**(M) and A, (M*) are almost identical. The only difference is that in
C** the sign of the boundary operator is determined by using an element’s
position in the complement, instead of its position in the subset.

7 Homology of BSQ’s

In this section we comput#, (X, Z) whenX is a BSQ. IfAM x has a loop
or a coloop, then it is easy to compute the homology group&” afsing
either Proposition 2 or Proposition 3. In order to compute the homology
groups ofX whene; is neither aloop nor a coloop we use the mapping cone
description in [11].

Lete; be an element al/x which is neither a loop nor a coloop. Then
I' can be written ad’+ @7, where~ interchangeg;” ande; and acts

non-trivially onS¥=¢. Corollary 1 implies tha"~! /I’ + = XS,. Now,

~ interchanges the upper and lower cones'st;. In additionry also acts

on the middle copy of5;, in X'S;,. Thus, X is the mapping cone of the
quotient mapf : Sz, — Sz, / < > .LetDs, = SE=¢/I' = X}y _.,. The
Mayer-Vietoris sequence associated to this mapping cone construction is,

Om

: ﬂ) -Hm(-Déi)ZQ) m ﬁm(Xa ZQ) — ﬁm—l(sémz?) f"L; ce (3)
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Proposition 9. If e; is neither a loop nor a coloop oMy, thend,, is
surjective.

Proof. See Sect. 9.
Theorem 6. Let X = S"~! /" be a BSQ with™ ~ (Z,)".

n—1
LetPx (t) = Y dimg, Hn(X, Zo)t™. ThenPx (t) = t"1T(Mx;0,t).
m=0

Proof. Let M be arank: binary matroid and defing (t) = Px,, (t)/t"".
In order to prove thag/(t) = T'(M; 0, ) itis sufficient to show thag, (¢)
satisfies Tutte recursion. Whe¥l is a loop X is two points and when
M is a coloopX is a single point. In both caseg,(t) = T'(M;0,t). If
e; is a coloop thenX, is a cone and both,,(¢t) andT'(M;0,t) are zero.
If e; is a loop then the rank af/ and M /e; are the same. Sinc¥ ), is
Y X0/ 9m () = tgnye,(t). Finally, assume that; is neither a loop nor
a coloop of M. Thenr(M/e;)) = r(M) — 1 andr(M — e;) = r(M).
Combining this with (3) and the surjectivity 6f we see thag, (t) is equal
to gnr—e, () + IM/e; (t).

Remark 3.As pointed outin Remark 1, wheh = (Z,,)" the corresponding
matroid does not determine the quotient space unpless3. However, the
homology groups of the quotient space are determined by the associated
matroid and there is a formula analogous to the one above [16].

8 Integral coefficients and matroid applications

In this section we comput#,. (X, Z) and the (reduced) Euler characteristic
of a BSQ in terms of invariants af/x. This will point us toward new
inequalities for the Tutte polynomial of a matroid representable avgr
finite field. In addition, we will discover a surprising connection between
(M) and whether or notitis affine. A matroid representable éVisraffine
over F' if it has a representative set of vectors which are in the complement
of a linear hyperplane.

A binary matroid isEulerianif for some (any) matrix which represents
M overZ, every row of the matrix has an even number of ones. See [3] for
several other equivalent definitions and the relationship between Eulerian
matroids and Eulerian circuits in graphs.

Proposition 10. Let X = S"~!/I" be a BSQ. Then,

~ Z, if Mx is Eulerian.
Hn_l(X,Z):{’ if Mx is FEulerian

0, otherwise.
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Proof. By [2] H,-1(X,Q) is isomorphic to the subgroup of
H, 1(S" 1, Q) left fixed by the action ofl. Thus, H, 1(X,Q) is

Q if all the involutions inI" are orientation preserving, zero otherwise.
Since X is ann — 1 dimensional CW—-complex (see Sect. 9), the same
statement holds witk) replaced withiZ. Now the proposition follows from
the fact that each element 6fis orientation preserving if and only if each
row of M has an even number of ones.

In order to computé,, (X, Z) whenm < n — 1, we usej,, the coeffi-
cient homomorphism associated to the short exact sequence of groups,

0722272257, 0 (4)

Proposition 11. Let X be a BSQ of dimensiom — 1. Then for allm less
thann — 1, jpn, : Hp (X, Z) — Hy, (X, Z9) is injective.

Proof. Induction onn. Whenn is one all relevant homology groups are
zero. If Mx contains a coloop, theX is contractible and all homology
groups are zero. Il x contains a loop, theX is the suspension of an
lower dimensional BSQ, and singebehaves nicely with suspension, there
is no problem. Supposs, is neither a loop nor a coloop @f/x. Consider
the following commutative diagram.
I (De, Z) ™ Ho(X,2) 5 (S, Z) 7

.Dg,, X .Sen

Jm™ Im { Im—1
I fo(De, Z) ™ Hy (X, Zo) 5 Hy1(Ss, , Z)

On the bottom rowf;,, andf,, 1 are zero by Proposition 9. Now suppose
m<n-—3. Thenj,%" andj;iéf1 are injective by the induction hypothesis.
Thereforen,, ojﬁén is injective. Henceén,,, on the top line is also injective.
By the snake lemmg? is injective. Finally, suppose. = n — 2. If My is
Uo.n—1 thenX = S"~! and the homology groups in question are trivial. If
Mx isUy a5+ 1, thenX = RP?F. Inthis caseH,, (X, Z) ~ H,,(X, Z2) =~
Zs and j,,_» is an isomorphism, so the proposition holds. For all other
binary matroids itis possible to find soragn M x such thatV/x —e; is not
Eulerian. So, by reordering if necessary, we can assumé}l;ha;t(Dén, Z)
is {0} and argue as before.

In order to describéi, (X ;Z) we introduce the following fragment of
T(M;t,0).

Definition 4. Let M be any matroid.

b(M;m,t) = (—1)" b, t"™ + bm-10t™ "+ + b1 1.
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Note thatb(M;m,—1) is just an alternating sum of the coefficients of
T(M;t,0) of degree less than or equahta

Theorem 7. Let X be a BSQ of dimension— 1 with »(Mx) = 7.
If0 <m <n-—2,then

- Z b(]\/f* ;m—7'+1,—1) ; < < _ 2
N e
0, ifm<r.

Proof. By Proposition 11 and the long exact sequence associated to (4),
multiplication by 2 onH,, (X, Z) is the zero map. HencH,,(X,Z) is an
elementary 2—group anll,,, (X, Zo) = H,,,(X,Z) ® H,,,—1(X,Z). Theo-

rem 6 and induction finish the proof.

An immediate consequence of the above theorem is that for any binary
matroidM and alll < m < n —r,b(M*;m,—1) > 0. By duality, this is
equivalent to the non—negativity 6f)M ; m, —1) wheneverl < m < r and
M is binary. Whenn = r,b(M;m,—1) = (—=1)"T'(—1,0) = x(M;2). In
[10] Crapo and Rota show that for any matroid representable over a finite
field F, x(M;|F|¥) > 0. Thus the non-negativity df(M;m, —1) can be
viewed as a generalization of the Crap—Rota inequality wiign= 2 and
k = 1. In fact, the inequality holds for any finit& and anyk > 0.

Theorem 8. Let M be a matroid representable over a finite fidldand let
k > 0.Then foranyl <m <r(M),b(M;m,1— |F|*) > 0.

Proof. Induction onn = |E|. If n = 1 thenM is either a loop or a coloop.
If the former, then there is nothing to showlif consists of a single coloop,
thenb(M;1,1 — |F|*) = |F|F —1 > 0.

Now assume that the theorem holds for all matroids of cardinaktyl .
If e, is aloop, therb(M;m,1 — |F|¥) = 0 sinceT(M;xz,0) = 0. If e, is
a coloop, them(M;m, 1 — |F|F) is justb(M — e,;m — 1,1 —|F|¥) which
is non—negative by the induction hypothesis. Finally, suppgsse neither
aloop nor a coloop. Then fon < r, b(M;m, 1 —|F|¥) is non—-negative by
Tutte recursion and the induction hypothesis. Whegs- » we are back to
the Crapo—Rota inequality.

The Zs;—dimension of the integer homology groupsXf; give an in-
terpretation of the above inequality whgh| = 2 andk = 1.

Problem 1. Find interpretations for the inequalities in the above theorem
when|F'| > 2 andk > 1.

Using rational coefficients, Theorems 10 and 7 we see that the reduced
Euler characteristic of a BS® is +1 if My is Eulerian, 0 otherwise. From
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Theorem 6 the reduced Euler characteristiotan also be written as the
alternating sumk(bo n,—r — bon—r—1 -+ + (=1)""1by 1). On the other
hand,|p(M%)| is the surmbg ,—, + - - - + bo,1. Hence (M%) is odd if and

only if M is Eulerian. A binary matroid is Eulerian if and only if its dual is
affine [3]. So, a binary matroid is affine if and only if itsd4ius invaritant

is odd. One direction of this statement generalizes to matroids representable
over any finite field.

Theorem 9. Let M be a matroid representable over a finite figld
If w(M) # 0 mod (|F|), then M is affine overF. If |F| = 2, then the
converse also holds.

Proof. Assume thaf\/ is not affine ovel. Then by the Crapo—Rota critical
problem formula ([10])x(M; |F|) = 0. Sincen(M) is the constant term
of x(M;t), reducing both sides of this equation modfg| shows that

u(M) = 0 mod (|FI).

For any field other thaf, there are counterexamples to the converse of the
above theorem. The matroid || is affine over any field of cardinality
three or greater and(U,p| | r|4+1) = |F|.

9 Proof of Proposition 9

Binary spherical quotients have a natural CW structure inherited fréim a
invariant simplicial complex o8”~!. The vertices of the simplicial complex
on the sphere argé = {eli, ...,eX}. The higher dimensional simplices are
the spherical simplexes whose vertices are any subdéwdfich contains
only one ofe;", e;” for eachi. This complex is invariant under the action of
I" and induces a CW-structure dh We denote the associated CW-chain
complex byA, (X). For any subsetl of My, A is a subcomplex oX.

We denote the CW chain which is the sum of all cells of dimension
|A| — 1 contained ind by A. We rely on context to determine whether a
simplex is inS™~! or represents a cell iX. Throughout this sectiowe use
Z+ coefficientand usel for Mx.

Definition 5. A(X) is the subgroup af\, (X ) generated by A : A C E.}

As we will see belowA(X) is a subcomplex ofA(X) such that the
inclusion map is a surjection in homology. Furtherma&{,X) provides
preimages fob),, in Proposition 9.

Let B be a basis ford. SinceB is a basis ford, each cell in4 has a
unique representative cell i~ containinge;r for eache; € B. Hence,
a set of representative cells fdrcan be formed by using for eache; in
B, and all of the24/~15| combinations of+'s and—'s for thee; in A but
notin B.
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Example 4.Let I" be the group generated by

—-10 0 0 10 0 O
010 0 and 0-10 O
00-10 00 —-120
000 —1 00 0 —1
1011 . .
ThenM = [0 11 J andB = {ej,ea} isabasis oA = {ej, e2,e3,€4}.

One set of representative cells fdris

{(61_7 6;_7 63_7 ei)? (61_7 e;? e;? elz)? (e—li_7 e;? eg’ ei)’ (e—li_7 e;’ 63_7 eéz)}'

Proposition 12. Let A C M. Then,
o(A) =3 A—¢
e;0A
Proof. Suppose; is a coloop ofA. Whene; is removed from each repre-

sentative cell we are left with a set of representatives for the cells-ok;.

If e; is not a coloop of4, then choose a basis of A which does not contain

e; and a set of representatives fdras above. Whea; is removed in the
bould\@/ operation we are left with two copies of a set of representatives
for A — e;, one which used to contairj” and one which used to contaif.
Thus, these cells make no contributiordtod).

Animmediate consequence of the above proposition isdl@a*t) can be
canonically identified withA, (M) with Z, coefficients. SimilarlyA(De,)
and A(Sz,) can be identified withA(M — e;) and A(M /e;) respectively
(alsoZ, coefficients). We can also easily identify, in (3) with 9,, in (2),
ando,, in (3) with j,, in (2). Thus, we obtain the long exact sequence,

% fm—1

T Hn(AKare)) 5 Hn(A00) 2 s (AKo0ge)) =

Proposition 13. Suppose that; is neither a loop nor a coloop iM. Then
O, is surjective for allm in the long exact sequence (5).

Proof. Proposition 8.

The proof of Proposition 9 is now simple. For convenience we restate
the proposition.

Proposition 14. If e; is neither a loop nor a coloop a¥/, thend,, is sur-
jective in the long exact sequence,

Om, fm—1

Amy o (De,, Zo) ™ Ho (X, Zo) 27 Hopo1 (S, Z) ™2
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Proof. Firstidentify Dz, with X, ., andSe, with X, .. For each space
Y € {Dg, X, S}, let ¢ denote the inclusioml,(Y) — A,(Y). The
proof is by induction om with the additional hypothesis thay, is always
a surjection (even i¢; is a loop or a coloop ailf). Consider the following
commutative diagram.

o 0 (ADG) ™ H (AX)) 22 Hoe (A(Ss)) 5
i/ ¢* i/ ¢* *L (b*

A B (De) T Ha(X) O Hnoa(Ss) T
If n is one thenM is either a loop or a coloop. So we only need to check
that ¢, is surjective. IfM is a coloop thenX is a point and all (reduced)
homology groups are trivial. Whel/ is a loop, X is two points and the
only non-trivial homology group i$ly ~ Z,. In this case it is easy to see
that Hy(A) ~ Z, and thatp is an isomorphism.

Now assume that the proposition and the extra induction hypothesis hold
for n — 1. By Proposition 13 and the induction hypothesjs_1 o 0,, is
surjective. So, in the lower exact sequebggis surjectivejn,, is injective
andjf,,_1 is zero. The induction hypothesis and the snake lemma show that
b, is surjective onf, (A).
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